The Impact of Analyzing  Correct versus Incorrect Student Work Samples  on Students’ Learning Mathematics by Moseley, Lauren Jeneva
University of Tennessee, Knoxville
Trace: Tennessee Research and Creative
Exchange
Doctoral Dissertations Graduate School
5-2013
The Impact of Analyzing Correct versus Incorrect
Student Work Samples on Students’ Learning
Mathematics
Lauren Jeneva Moseley
lkimberl@utk.edu
This Dissertation is brought to you for free and open access by the Graduate School at Trace: Tennessee Research and Creative Exchange. It has been
accepted for inclusion in Doctoral Dissertations by an authorized administrator of Trace: Tennessee Research and Creative Exchange. For more
information, please contact trace@utk.edu.
Recommended Citation
Moseley, Lauren Jeneva, "The Impact of Analyzing Correct versus Incorrect Student Work Samples on Students’ Learning
Mathematics. " PhD diss., University of Tennessee, 2013.
https://trace.tennessee.edu/utk_graddiss/1763
To the Graduate Council:
I am submitting herewith a dissertation written by Lauren Jeneva Moseley entitled "The Impact of
Analyzing Correct versus Incorrect Student Work Samples on Students’ Learning Mathematics." I have
examined the final electronic copy of this dissertation for form and content and recommend that it be
accepted in partial fulfillment of the requirements for the degree of Doctor of Philosophy, with a major in
Education.
Jo A. Cady, Major Professor
We have read this dissertation and recommend its acceptance:
David F. Anderson, Ji W. Son, Thomas N. Turner
Accepted for the Council:
Dixie L. Thompson
Vice Provost and Dean of the Graduate School
(Original signatures are on file with official student records.)
i 
 
The Impact of Analyzing  
Correct versus Incorrect Student Work Samples  
on Students’ Learning Mathematics 
 
 
 
 
 
 
 
A Dissertation Presented for the  
Doctor of Philosophy  
Degree  
The University of Tennessee, Knoxville 
 
 
 
 
 
 
 
Lauren Jeneva Moseley 
May 2013 
ii 
 
 
 
Copyright © 2013 by Lauren Jeneva Moseley 
All rights reserved. 
  
iii 
 
Dedication 
 
I dedicate this dissertation to my babies,  
Wendy Meadow Moseley and Granite Alexander Moseley. 
I love you. 
 
iv 
 
Acknowledgements 
 
Thank you all for your assistance with this project,  
Dr. Jo Ann Cady, 
Dr. Ji Won Son,  
Dr. David Anderson,  
Dr. Thom Turner,  
Kris Cozad, and  
Dr. Judith Hector.  
Also, thank you, Mom, Dad, Alex, Meadow, and Granite, for your patience and support! 
 
v 
 
Abstract 
The purposes of this study are to determine if learning differs when calculus learners analyze 
correct or incorrect work samples and to investigate students’ perceptions of the effect of 
analyzing work samples on their learning of mathematics. Calculus students were randomly 
assigned to two groups: one group analyzing correct work samples and one group analyzing 
incorrect work samples. Data from enrollees in 10 sections of Basic Calculus at a large university 
was analyzed using ANCOVA, independent-samples t-test, and inductive analysis (Hatch, 2002). 
Results suggest that when students analyze incorrect work samples of moderate difficulty, they 
are less likely to repeat the errors they have seen. Results also suggest that students perceive 
correct work samples as more beneficial to learning than incorrect work samples. However, both 
correct and incorrect work samples were found to challenge students’ thinking and promote 
student independence. These findings have implications for teacher practice and curriculum 
development. 
  
vi 
 
Table of Contents 
Chapter I Introduction and General Information ............................................................................ 1 
Problem Statement ...................................................................................................................... 1 
Purpose of the Study ................................................................................................................... 2 
Need for the Study....................................................................................................................... 3 
Limitations .................................................................................................................................. 4 
Limitations in research design. ................................................................................................ 4 
Limitations involving testing. .................................................................................................. 5 
Limitations involving treatments. ............................................................................................ 6 
Limitations involving groups................................................................................................... 7 
Delimitations ............................................................................................................................... 8 
Assumptions ................................................................................................................................ 9 
Definitions of Terms ................................................................................................................... 9 
Chapter II Literature Review ........................................................................................................ 10 
Theoretical Perspective ............................................................................................................. 16 
Chapter III Methods ...................................................................................................................... 20 
Methodology ............................................................................................................................. 20 
Participants. ........................................................................................................................... 20 
Course. ................................................................................................................................... 23 
Sampling. ............................................................................................................................... 24 
Pilot study. ............................................................................................................................. 26 
Overview of how this study is designed. ............................................................................... 29 
vii 
 
Pre-test. .................................................................................................................................. 33 
Treatments. ............................................................................................................................ 33 
Data collection. ...................................................................................................................... 40 
Reliability and validity. ......................................................................................................... 43 
Data analysis. ......................................................................................................................... 44 
Chapter IV Results ........................................................................................................................ 45 
Results of Quantitative Analysis ............................................................................................... 45 
Final exam scores. ................................................................................................................. 45 
Abilities to solve similar problems. ....................................................................................... 48 
Abilities to solve similar problems, mean.......................................................................... 50 
Abilities to solve problems similar to Learning Module 1. ............................................... 51 
Abilities to solve problems similar to Learning Module 2. ............................................... 54 
Abilities to solve problems similar to Learning Module 3. ............................................... 56 
Abilities to solve problems similar to Learning Module 4. ............................................... 59 
Abilities to solve problems similar to Learning Module 5. ............................................... 61 
Abilities to solve problems similar to Learning Module 6. ............................................... 64 
Abilities to solve problems similar to Learning Module 7. ............................................... 66 
Abilities to solve problems similar to Learning Module 8. ............................................... 70 
Abilities to solve similar problems, overall. ...................................................................... 73 
Replication of errors. ............................................................................................................. 76 
Replication of errors, mean. ............................................................................................... 78 
Illegal cancel error. ............................................................................................................ 80 
viii 
 
The          error. ........................................................................................................... 82 
Plus or minus error. ............................................................................................................ 83 
Exponent rule error ............................................................................................................ 85 
Quotient rule error.............................................................................................................. 87 
Ordered pair error. ............................................................................................................. 88 
Quotient integration error. ................................................................................................. 90 
Plus   error. ........................................................................................................................ 91 
Power rule on exponential error. ........................................................................................ 93 
Replication of errors, overall. ............................................................................................ 94 
Perceptions of impact on learning. ........................................................................................ 97 
Analysis by aspect of learning. ............................................................................................ 103 
Discussion of Quantitative Analysis Results .......................................................................... 107 
Discussion of results regarding final exam scores. .............................................................. 108 
Discussion of results regarding solving similar problems. .................................................. 108 
Discussion of results regarding replicating errors. .............................................................. 109 
Discussion of results regarding students’ perceptions of impact on learning. .................... 110 
Interview Analysis................................................................................................................... 112 
Results of interview analysis. .............................................................................................. 112 
Domains of analysis. ........................................................................................................ 113 
Work analyses’ influence on understanding underlying concepts. .................................. 115 
Work analyses’ influence on using rules and procedures. ............................................... 118 
Work analyses’ influence on using strategies. ................................................................. 120 
ix 
 
Work analyses’ influence on communicating about math. .............................................. 123 
Work analyses’ influence on attitudes. ............................................................................ 125 
Themes. ............................................................................................................................ 130 
Discussion of interview analysis results. ............................................................................. 132 
Chapter V Conclusions and Implications ................................................................................... 134 
Summary of Study ................................................................................................................... 134 
Contributions of Study to Literature ....................................................................................... 137 
Implications for Teachers, Teacher Educators, and Curriculum Developers ......................... 139 
Implications for Further Research ........................................................................................... 142 
List of References ....................................................................................................................... 144 
Appendices .................................................................................................................................. 155 
Vita .............................................................................................................................................. 182 
  
x 
 
List of Tables 
Table 1. Racial Make-up of the University ................................................................................... 21 
Table 2. Majors of the Participants ............................................................................................... 23 
Table 3. Organization of Sampling ............................................................................................... 25 
Table 4. Organization of Sampling in Pilot Study ........................................................................ 27 
Table 5. Error Types ..................................................................................................................... 30 
Table 6. Quantitative Research Design Diagrams ........................................................................ 32 
Table 7. Questions that Accompanied Work Samples in Learning Modules 1-6 ......................... 35 
Table 8. Questions that Accompanied Work Samples in Learning Modules 7-8 ......................... 39 
Table 9. Aspects of Learning and Survey Items ........................................................................... 42 
Table 10. Pre-Tests and Final Exams: Descriptive Statistics, by Group ...................................... 46 
Table 11. Results of Assumption Tests for Research Question 2 ................................................. 49 
Table 12. Pre-Tests and Mean of Scores on Similar Exam Problems: Descriptive Statistics ...... 51 
Table 13. Pre-Test and Exam Problems Similar to LM1: Descriptive Statistics .......................... 53 
Table 14. Pre-Test and Exam Problems Similar to LM2: Descriptive Statistics .......................... 56 
Table 15. Pre-Test and Exam Problems Similar to LM3: Descriptive Statistics .......................... 58 
Table 16. Pre-Test and Exam Problems Similar to LM4: Descriptive Statistics .......................... 61 
Table 17. Pre-Test and Exam Problems Similar to LM5: Descriptive Statistics .......................... 63 
Table 18. Pre-Test and Exam Problems Similar to LM6: Descriptive Statistics .......................... 66 
Table 19. Pre-Test and Exam Problems Similar to LM7: Descriptive Statistics .......................... 69 
Table 20. Pre-Test and Exam Problems Similar to LM8: Descriptive Statistics .......................... 72 
Table 21. Results of ANCOVAs: p-Values and Adjusted Means ................................................ 74 
xi 
 
Table 22. Pre-Test and Exam Problems: Descriptive Statistics .................................................... 75 
Table 23. Results of Assumption Tests for Research Question 3 ................................................. 77 
Table 24. Pre-Test and Exam Error Rates: Descriptive Statistics ................................................ 79 
Table 25. Pre-Test and Exam Error Rates (Illegal Cancel): Descriptive Statistics ...................... 81 
Table 26. Pre-Test and Exam Error Rates (      ): Descriptive Statistics ............................... 82 
Table 27. Pre-Test and Exam Error Rates (Plus or Minus): Descriptive Statistics ...................... 84 
Table 28. Pre-Test and Exam Error Rates (Exponent Rule): Descriptive Statistics ..................... 86 
Table 29. Pre-Test and Exam Error Rates (Quotient Rule): Descriptive Statistics ...................... 87 
Table 30. Pre-Test and Exam Error Rates (Ordered Pair): Descriptive Statistics ........................ 89 
Table 31. Pre-Test and Exam Error Rates (Quotient Integration): Descriptive Statistics ............ 90 
Table 32. Pre-Test and Exam Error Rates (Plus  ): Descriptive Statistics ................................... 92 
Table 33. Pre-Test and Exam Error Rates (Power Rule on Exponential): Descriptive Statistics . 93 
Table 34. Results of Statistical Tests: p-Values and Adjusted Error Rates .................................. 94 
Table 35. Pre-Test and Exam Error Rates (Errors 1-7): Descriptive Statistics ............................ 96 
Table 36. Ratings of Impact on Learning: Means and Standard Deviations ................................ 98 
Table 37. Analysis of Student Perceptions of Impact, by Aspect of Learning ........................... 101 
Table 38. Ratings of Impact on Learning: Comparative Analyses, by LM ................................ 102 
Table 39. Ratings of Impact on Understanding of Concepts: Comparative Analyses, by LM .. 103 
Table 40. Ratings of Impact on Using Rules and Procedures: Comparative Analyses, by LM . 104 
Table 41. Ratings of Impact on Using Strategies: Comparative Analyses, by LM .................... 105 
Table 42. Ratings of Impact on Communicating about Math: Comparative Analyses, by LM . 106 
Table 43. Ratings of Impact on Attitudes: Comparative Analyses, by LM ................................ 107 
xii 
 
Table 44. Domains by Frames of Analysis ................................................................................. 114 
  
xiii 
 
List of Figures 
Figure 1. Page 1 of a Learning Module ........................................................................................ 34 
Figure 2. Page 3 of a Learning Module ........................................................................................ 36 
Figure 3. Coding Diagram for Error Replication .......................................................................... 41 
Figure 4. Domains that Influence Attitudes ................................................................................ 126 
Figure 5. Asking Students Why Influences Students’ Independent Learning. ........................... 131 
Figure 4. Learning Module 1, Correct Work Sample ................................................................. 160 
Figure 5. Learning Module 1, Incorrect Work Sample ............................................................... 160 
Figure 6. Learning Module 2, Correct Work Sample ................................................................. 161 
Figure 7. Learning Module 2, Incorrect Work Sample ............................................................... 161 
Figure 8. Learning Module 3, Correct Work Sample ................................................................. 162 
Figure 9. Learning Module 3, Incorrect Work Sample ............................................................... 162 
Figure 10. Learning Module 4, Correct Work Sample ............................................................... 163 
Figure 11. Learning Module 4, Incorrect Work Sample ............................................................. 163 
Figure 12. Learning Module 5, Correct Work Sample ............................................................... 164 
Figure 13. Learning Module 5, Incorrect Work Sample ............................................................. 164 
Figure 14. Learning Module 6, Correct Work Sample ............................................................... 165 
Figure 15. Learning Module 6, Incorrect Work Sample ............................................................. 166 
Figure 16. Learning Module 7, Correct Work Sample A ........................................................... 166 
Figure 17. Learning Module 7, Correct Work Sample B ........................................................... 167 
Figure 18. Learning Module 7, Incorrect Work Sample A ......................................................... 167 
Figure 19. Learning Module 7, Incorrect Work Sample B ......................................................... 168 
xiv 
 
Figure 20. Learning Module 8, Correct Work Sample A ........................................................... 169 
Figure 21. Learning Module 8, Correct Work Sample B ........................................................... 170 
Figure 22. Learning Module 8, Incorrect Work Sample A ......................................................... 171 
Figure 23. Learning Module 8, Incorrect Work Sample B ......................................................... 172 
 
1 
 
Chapter I 
Introduction and General Information 
Many high school graduates in the United States lack mathematical competencies that are 
considered crucial to success in college-level math courses. Among 2011 high school graduates 
who took the ACT, 45% met the math college-ready benchmarks; unfortunately, considering that 
not all students took the ACT, this group represents only 22% of all 2011 graduates (ACT, 
2011). This common deficit in math college-readiness is accompanied by inconsistent graduation 
requirements; for example, currently, only 20 states, plus the District of Columbia, have raised 
their high school graduation requirements to include four years of mathematics courses that 
extend through Algebra II (Achieve, 2011). Furthermore, this mathematical deficit appears on 
college campuses where 50.1% of those seeking an Associate’s degree and 20.7% of those 
seeking a Bachelor’s degree must take remedial college classes (Complete College America, 
2011). Since some studies show that almost one third of United States freshmen are unprepared 
for college-level mathematics (Parsad & Lewis, 2003), effective ways to improve students’ 
understanding and to mend students’ mathematical misconceptions are needed.  
Problem Statement 
 Because the transition from high school to college is plagued by mathematical deficits, 
college professors face the dilemma of deciphering the thinking and misconceptions college 
students bring to the math classroom. To this end, teachers who have taught the same course 
multiple times can often predict errors that students make on certain problems. However, this 
knowledge, by itself, is fruitless; teachers must decide what to do with this knowledge in their 
classrooms. Predicted common errors could be ignored by the teacher during instruction, 
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mentioned during class in a warning manner, or tackled head-on. One way to confront common 
errors and misconceptions is to have students examine, analyze, and reflect on erroneous work 
samples in hopes that the underlying misconceptions will be revealed through this type of 
reflection. This study investigated the effectiveness of this approach. The National Council of 
Teachers of Mathematics (NCTM) emphasized communication and suggested that students listen 
to other students’ problem-solving strategies in order to learn math concepts (NCTM, 2000); 
however, while researchers agree that critiquing others work increases understanding, few have 
investigated the dilemma of looking at correct versus incorrect student work samples. 
Some conclude that one way to improve mathematical understanding is to have students 
analyze others’ work, including incorrect work, in hopes of challenging student thinking and 
pointing out common errors (Kramarski & Zoldan, 2008). Borasi (1994) suggests using student 
errors as springboards for inquiry and found examination of errors to improve proficiency and 
confidence in math. However, others, as acknowledged by Borasi (1994) and Kramarski and 
Zoldan (2008), believe that showing erroneous examples may do more harm than good because 
students may repeat the errors. Thus, while teachers of math courses are able to predict the 
mathematical misconceptions that commonly occur in their classes, they face the dilemma of 
whether to have students critique correct or erroneous solutions. Research is needed to determine 
whether having students reflect on correct or incorrect solutions truly promotes deeper levels of 
understanding, rather than mere mimicry of procedures. 
Purpose of the Study 
The purpose of this study is to provide evidence that may resolve the dilemma presented 
above and determine if students gain mathematical understanding by examining samples of other 
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students’ work and if any such gains differ if given correct or incorrect student work samples. In 
addition to revealing effectiveness of analyzing correct and incorrect student work samples, this 
study will also investigate students’ perceptions of the effect of analyzing work samples on their 
learning of mathematics. Calculus students were assigned to two groups: one group analyzing 
correct student work samples and one group analyzing incorrect student work samples, and the 
following research questions are investigated in this study:  
1. What difference, if any, exists between groups in final exam scores? 
2. What difference, if any, exists between groups in determining correct solutions to 
problems similar to the work samples analyzed? 
3. What difference, if any, exists between groups in whether they replicate errors similar to 
the incorrect work samples? 
4. What difference, if any, exists between groups in perceptions of how the analyses of 
student work samples increase understanding? 
5. How do students describe their experiences of analyzing student work samples and any 
impact on learning? 
Need for the Study 
This study contributes to the literature surrounding the impact of having students 
critiquing peers’ work on mathematical understanding, in particular critiquing correct versus 
incorrect work. On one side of the debate, many teachers believe that incorrect math should 
never be shown to students in any context because of students’ inclination to reproduce the 
incorrect math they have seen. On the other side of the debate, teachers may believe that if 
students are only presented with correct solutions, then the students learn to mimic desired 
4 
 
procedures without thinking about concepts, reflecting on meaning, or challenging the ideas of 
others. The findings of this study show differences between groups who analyze incorrect work 
and who analyze correct work, provide evidence of possible group differences in replicating 
errors they have seen, and reveal how participants perceive gains in various aspects of 
mathematical reasoning. This study is needed so that instructional decisions and curriculum may 
be informed by research. For example, if participants who analyze correct student work samples 
are mindlessly mimicking correct solutions, as some believe, then their correct solutions would 
be more frequent than other groups while their perception of gains in understanding would be 
lower. On the other hand, if students repeat errors they have seen, as many believe, then this 
study would reveal such a statistical difference between groups’ replication of errors.  
Limitations 
 In this section are descriptions of the factors that could negatively affect the 
generalizability of this study. These limitations are organized into subsections according to 
which element of the study they involve: research design, testing, treatments, and groups. 
Limitations in research design. Limitations include uncontrollable aspects of the course 
that could weaken the design of this study and thus weaken the generalizability of these findings. 
For example, because the treatments are a part of an entire calculus class, they cannot be 
administered in a vacuum-like experiment void of any other modes of instruction. Since 
participants’ analyses of student work samples are only one aspect of the course, their associated 
differences in learning outcomes may not emerge as statistically significant in this study. In other 
words, a student’s learning in this class cannot be completely attributed to examining student 
work samples. Other contributing aspects of the course are class meetings, textbook examples 
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and explanations, and online homework assignments. In an effort to overcome this limitation, 
data will be collected about students’ performances on specific types of problems that are most 
related to the work samples analyzed.  
Because holding different course requirements for different students within the same 
course would be unfair, this study does not provide a control group (a group that did not analyze 
work samples), which is another limitation. This limitation will prevent a quantitative 
determination of whether work sample analysis is more effective than not examining work 
samples. The only differences that can be detected are differences between the two groups 
examining different work samples, one correct and one incorrect. To lessen this threat to validity, 
the survey and the interview protocol include questions to reveal any gains in understanding that 
the students may have recognized as resulting from the work samples.  
Students may have been more likely to speak positively about their experiences because 
of human nature’s tendency to provide acceptable responses, especially because the interviews 
were conducted by the teacher. To lessen the impact of this, the interview protocol was piloted 
and was designed to neutrally elicit responses. Also, the interviews were conducted the following 
semester, months after students’ grades had been submitted. However, this limitation must be 
considered when interpreting the interview data. 
Limitations involving testing. Limitations that involve testing include effects caused by 
giving a pre-test, factors that could interfere with testing, and the limitations in scope and nature 
of the test questions. This section will discuss limitations within each of these aspects. 
The existence of a pre-test can affect the results of a study if students recognize problems 
from the pre-test and remember how to solve them. Therefore, to limit effect on the results, the 
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graded pre-tests were not returned to the students. However, the pre-test determined if the groups 
have similar mathematical understanding before the course, which strengthens the 
generalizability of the study. A stronger research design that would account for the effect of the 
pre-test would have been a Solomon’s four-group design, in which a treatment and a control 
group are not pre-tested and are compared to those that are pre-tested (Solomon, 1949), but 
requiring assignments, such as the pre-test, for only some of the students in the class would have 
been perceived as unfair. 
Another limitation is that the pre-test was administered prior to the drop/add date. As a 
result, any students who add the class after the first class meeting might have been exposed to the 
online work analysis prior to taking the pre-test. However, the researcher was able to track 
individual students’ access of the online material to know if the pre-test was taken before or after 
accessing online material. Another limitation involved items on the exams. Because the exams in 
this class had to be consistent with the course description and adopted textbook, the researcher 
had limited control over the exam questions. Some exam questions may have been a stronger 
measure of a student’s ability to follow prescribed rules than a measure of comprehension of 
underlying mathematical ideas or of creative problem-solving abilities. In an attempt to 
overcome this limitation, both the survey and the interview protocols investigated various 
aspects of the students’ learning.  
Limitations involving treatments. Ideally, analyses of student work samples arise from 
real-life situations where students critique each other’s work in study groups or in class 
discussions. In this study, work samples were presented electronically, and their analyses were a 
required part of the course, which may have meant that students did not perceive the tasks as 
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relevant to real-life, and the students’ motivation to reflect may be limited. Lewison (1997) 
found this negative reaction to the requirement of written reflections in a teacher education 
course, and Knowles’ study indicated a lack of perception of relevance of the tasks may limit the 
depth of participants’ responses and their learning (1984; Knowles, Swanson, & Holton, 2011). 
To overcome this limitation, interviews were piloted with another researcher who audited the 
Basic Calculus course and analyzed the work samples, and this pilot interview informed the 
treatment design. As a result, avatars were used in the treatments to make the student work 
samples seem more realistic. 
Knowles’ theory of andragogy also implies that a perception of authenticity would aid in 
the participants’ learning. Although the work samples that are used in the treatments were not 
authentic student work, the work samples were scanned images of problems handwritten on 
notebook paper in order to appear as realistic student work. To determine the types of incorrect 
student work samples to use, the researcher observed common student errors for several years 
while teaching Basic Calculus; therefore, the types of errors shown were also realistic. In 
addition, to overcome this limitation of authenticity, the student work samples and questions 
were examined for content validity by an expert in mathematics education who is familiar with 
the Basic Calculus course at this university, and any student work samples deemed inaccurate or 
confusing were improved.  
Limitations involving groups.  Work samples were provided to the students outside of 
class meetings, in an online format, in an effort to decrease the influence of the lectures or 
recitations.  While there was no planned discussion of these work samples in class meetings, 
student-to-student communication about the student work samples was possible. As a result, a 
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member of one of the groups might have been incidentally exposed to the treatment given to a 
different group. However, most of the participants were limited to seeing the content of their 
own treatment group because the student work samples were presented online within a 
password-protected learning module on Blackboard. Another limitation was that equal sample 
sizes for the treatment groups could not be guaranteed because the researcher could not foresee 
which students would consent to participate in the study at the time of the sampling. However, 
48.07% (87 out of 181) of participants were in one group and 51.93% (94 out of 181) were in the 
other group, and this proportion is not statistically significantly different from an equal-groups 
split; χ2(1, N = 181) = 0.20, p = .655.  
Delimitations 
Instead of using participants from all Basic Calculus courses at the university, this study 
only used consenting participants from a large lecture of Basic Calculus for which the researcher 
lectured. This delimitation is intended to control for the variability that comes with different 
teachers, such as differences in teaching style and instructional decisions. 
So that the students would not feel obligated to consent to participation in this study as a 
course requirement, the informed consent forms were collected on the last day of class by Dr. 
Judith Hector and held by Dr. Jo Ann Cady until the researcher turned in grades for the Spring 
2012 semester. Because it would be impractically lengthy to require a pre-test that asked 
participants to do all the calculus tasks covered in the course, the pre-test questions were 
delimited to those that were most related to the student work samples that were presented in the 
treatments.  
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Assumptions 
Successful math learning includes understanding mathematical concepts, the ability to 
use rules and procedures, the ability to choose problem-solving strategies, and the ability to 
communicate mathematical reasoning. Also, students’ attitudes about math and about their own 
abilities often influence learning, positively or negatively. These assumptions influenced the 
types of tasks the participants in this study were asked to perform and the types of mathematical 
responses that were expected, as well as the survey instruments and the interview protocol.  
This study investigates common errors that are made in calculus classes. Although these 
errors are in students’ procedures, this study assumes that these procedural errors indicate 
underlying misconceptions about mathematical ideas.  
For statistical tests in this study, a value of .05 was used as a significance level. If a 
reported p-value was less than .05, then the difference or correlation being tested was considered 
to be statistically significant, as supported by the data.  
Definitions of Terms 
A learning module is an online resource folder that contained such items as images of 
work samples, avatars, fields for participants’ responses, and surveys. 
In this study, 10 sections of Basic Calculus met together in an auditorium two days per 
week for 50-minute lectures and also met separately once per week for 75 minutes in smaller 
classrooms. The lecture portion of the class will refer to the class meetings in which all sections 
met together. The recitation portion of the class will refer to the class meetings in which the 
sections met separately and were taught by graduate students. 
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Chapter II 
Literature Review 
Because so many high school graduates and college students in the United States are not 
ready for college-level math (ACT, 2011; Complete College America, 2011; Parsad & Lewis, 
2003), effective ways to improve students’ understanding of mathematics and to mend students’ 
mathematical misconceptions are needed. Leaders in mathematics education (NCTM 2000, NRC 
2001) have called for more emphasis on critical thinking and deeper understanding, warning 
against over-reliance on purely procedural math instruction. In one study (Schoenfeld, 1988), 
students who were successful with standardized tests were found to be performing steps without 
being able to make connections. The students’ only goal was to get the correct answers in the 
correct form, and they saw themselves as passive consumers of the mathematics that others have 
created, explored, or discovered. Schoenfeld suggested curricular changes to focus math 
instruction on students’ mathematical thinking, rather than following procedures. Some studies 
have indicated that conceptual understanding and critical thinking can be encouraged by 
attending to errors (Cherepinsky, 2011; Kasman, 2006; Son & Moseley, 2012; Zerr & Zerr, 
2011) or by having students write about mathematics (Green, 2002; Kasman, 2006; Son & 
Moseley, 2012; Stalder, 2001). Having students write about mathematics can also help college 
students overcome math anxiety (Harper & Daane, 1998). 
A study from Stephens (2006) suggested that appropriate samples of student work might 
help mathematical understanding, but specific characteristics of appropriate samples need to be 
investigated further. Some (Kasman, 2006; Zerr & Zerr, 2011) have discussed advantages of 
having math students critique proofs; however, proof-writing is different from the type of 
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mathematics work from an algebra or introductory calculus course taken by most first-year 
college students. There are some clues in the current literature about how student work samples 
might be effectively used in math content courses. For instance, students who first express their 
ideas in small group settings have more confidence to communicate their ideas in a larger group 
setting (Reid, Forrestal, & Cook, 1987). Knowles argued that if learners take some initiative in a 
learning activity, then they are more motivated to learn and are more likely to retain and use 
what they have learned (1975). He also argued that students should be more self-directed 
because taking more personal responsibility for learning was a natural part of maturing and 
because many higher education programs will require students to take initiative in their own 
learning. Among limitations to this kind of student-centered learning, Sparrow, Sparrow, and 
Swan (2000) found it to be easier to allow student choice of time and place but more difficult to 
allow student choice of content.  
Because little research has examined the use of student work samples in such math 
content courses, prior research about preservice teachers’ examination of sample student work 
has been reviewed as well. Although analysis of student work samples has been found to 
increase pedagogical content knowledge (Chamberlin, 2005; Son & Moseley, 2012), little 
research has examined similar benefits this approach might have on the preservice teachers’ 
content knowledge. Prior research (Blythe, Allen, & Powell, 1999; Driscoll & Moyer, 2001; 
NCTM 2001) and projects (Katims & Tolbert, 1998; Kelemanik, Janssen, Miller & Ransick, 
1997; Saxe, Gearhart & Nasir, 2001) have shown that in addition to learning about their 
students’ abilities and thinking, teachers can learn about valid solution methods that may look 
different from traditional solutions.  
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Although students’ uses of nontraditional problem-solving strategies are considered 
“hallmark characteristics of understanding” (Carpenter, 1998), the manner in which 
nontraditional strategies should be used as student work samples has not been investigated 
thoroughly. For example, while NCTM (2000) recommends that students should be asked to 
listen to, justify, and critique the mathematical thinking of others, research has established that 
deciphering student thinking from written responses is a difficult task even for teachers (Ball, 
1990, 1997, 2001; Even & Markovitz, 1995; Even & Tirosh, 1995; Schifter, 2001; Chamberlin, 
2005). For this reason, more research should be done to answer questions of effectiveness, such 
as determining if explaining the thinking of nontraditional solution methods is a classroom task 
that promotes learning.  
Son and Moseley (2012) asked preservice teachers to examine student work samples 
showing student-invented strategies for multiplying whole numbers. Although the participants 
were preservice teachers, the results had some implications for content knowledge, showing 
more mathematically in-depth responses to the student work samples in which invented 
strategies were implemented incorrectly than those implemented correctly. Although the results 
of that study are not generalizable to content courses in which very few participants are 
preservice teachers, the indication that incorrect and correct student work samples elicit a 
different quality of response and depth of reflection provides a rationale for more research to be 
conducted that compares use of work samples with or without errors in them. 
 Some perspectives have a developed idea of what role student errors should play in the 
classroom. At one end of the spectrum, behaviorism, with views of successful computation as 
positive reinforcement, discourages tolerance of errors in the classroom. Behaviorism would 
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consider attention to errors as a dangerous teaching approach. At the other end of the spectrum, 
Borasi (1994) advocates a teaching approach which uses student errors as springboards for 
inquiry. His study found the following learning opportunities that stemmed from examination of 
errors:  a) constructive doubt and conflict, b) challenging problem-solving, c) open-ended 
explorations, d) reflection on the nature of mathematics, e) justification of work, f) initiative and 
ownership in learning, g) recognition of humanistic aspects of math, and h) communication of 
ideas. Borasi reported four benefits for using student errors as springboards for inquiry: a) better 
understanding of the nature of math, b) learning significant math content, c) proficiency in doing 
math, and d) confidence in math. Borasi asserted that because recognizing something as an error 
implies that such a result does not meet one's expectations, an error can be considered an 
anomaly and, consequently is, “a natural stimulus for reflection and exploration” (p. 168).  
Research on conceptual change (Brown & Clement, 1989; Hewson, 1981) and conflict 
teaching (Bell, 1983, 1986; Swan, 1983) has suggested that students' errors and misconceptions 
in the classroom could generate conflicts that reveal and challenge the students' preexisting 
beliefs. If errors are to be used in instruction, many researchers agree that they should be used to 
encourage communication of ideas, justification of solutions, questioning, reflection, critical 
thinking, inquiry, and flexibility in reasoning (Chi, 2000; Hartman, 2001; Kramarski, 2004; 
Palincsar & Brown, 1984; Renkl, 1999), but the question of what type of errors are most 
appropriate to use remains to be investigated. Cherepinsky (2011) asked students to detect their 
own errors in incorrect problems, but Stalder (2001) used the teacher’s errors as springboards for 
discussion. Stalder described a game in which students earn points by detecting their teacher’s 
mistakes, the errors are then discussed, and the errors then seemed less likely to be made by the 
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students; however, the underlying perspective of this game tends toward behaviorism. Rather 
than solely viewing the errors as undesirable behaviors, more research needs to investigate the 
underlying mathematical misconceptions associated with the errors. 
 Kasman’s (2006) study suggests an effective use of errors is possible by using incorrect 
proofs and asking students to detect errors. To avoid the vulnerability that students feel when 
involved in reviewing their peers’ work, the teacher created fictional characters as the originators 
of the flawed proofs. Similar to the student-invented strategies that were found in teacher 
education research, some work samples in Kasman’s study used approaches different from those 
seen in class. In the findings, the students appreciated the puzzle-like quality and the role play 
aspect, were frustrated when they could not find the errors, and gained appreciation for providing 
written justification of work because the fictional characters could not verbally explain their 
work. Discovering this appreciation suggests that this type of assignment may encourage 
students to explain their mathematical thinking, solidify their ideas, and, thus, improve their 
abilities to communicate using math. 
 Communication of mathematical ideas can also be encouraged and assessed by the use of 
journals and written assignments, which is a common pedagogical tool for reflection on student 
work samples. Lewison (1997) described some of the problems with using journals to encourage 
reflection. After teachers responded negatively toward journal writing, while admitting its 
benefits, she suggested support and authenticity; therefore, work samples used to prompt writing 
assignments should appear to be authentic. For example, the errors that are shown to students 
should be errors that are commonly made by students. Discussing audience and purpose, Green 
(2002) created writing assignments that caused students to use math language in persuasive 
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essays and letters to family. Green suggested that such writing assignments be used to develop 
mathematical understanding that goes beyond procedural knowledge, but impact on students’ 
tendencies to make errors was not examined. Gao (2003) found that interactive learning 
situations, such as online assignments, are most effective when the students gain immediate 
feedback because it emphasizes what was learned and because the students can immediately 
know answers or acceptable responses. This suggests that in order to determine the effectiveness 
of student work sample analysis, treatments should provide immediate feedback concerning the 
solutions shown, including errors that may have been made. 
Kramarski and Zoldan (2008) examined effects of three interventions, comparing them to 
the improvements of a control group, on mathematical reasoning, conceptual errors, and 
metacognitive knowledge. The three approaches were (a) diagnosing errors (DIA), (b) self-
questioning (IMPROVE), a framework consisting of comprehension, connection, strategy, and 
reflection, and (c) a combined approach (DIA+IMPROVE). Participants were ninth-graders (n = 
115) studying linear functions and graphing. The combined approach was shown the most 
effective in all outcome variables. While the IMPROVE intervention was shown to be more 
effective than DIA in problem-solving and metacognition, DIA was shown to be more effective 
than IMPROVE in reducing student errors. Through these interventions, Kramarski and Zoldan 
showed the success of reflection and evaluation of student work samples, both correct and 
incorrect. However, the study did not look separately at the effectiveness of the correct versus 
the incorrect student work samples like this study has. Because their study did not have the 
ability to remove the variance caused by differences in teachers, they asserted a need for more 
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studies about student errors as interventions, especially in situations where the teacher variability 
can be controlled in some way, such as in this study.  
Theoretical Perspective 
 This section will outline research and learning theories that provide a framework for the 
assumptions, methodology, and interpretations in this study. First the views of the world and of 
knowledge that influenced the research methodological choices made in this study will be 
described, and then the theoretical views of the topics being researched, such as thinking and 
learning, will be described. From an ontologically postpositivistic perspective (Guba & Lincoln, 
1994), this study seeks to approximate a reality about learning, specifically the differences in 
learning when participants reflect on and analyze different types of student work samples. No 
particular result will be anticipated in this study. In a similar manner to Hole (1998) who 
described education as performing a rain dance in which the steps are not known to be effective 
until the rain comes, this study will have steps done in a systematic way, results recorded, and 
effectiveness evaluated, but without certainty of cause and effect conclusions. 
While much of this research design is quantitative, there is also some qualitative data that 
will be analyzed. Epistemologically, the researcher sought to maintain an objective position in 
relation to the interviewees’ experiences and attempted to let the qualitative data drive the 
findings, valuing authenticity. A participant’s experience was viewed as holistic, as an 
intertwining of thoughts, skills, observations, occurrences, and understandings. The participants’ 
awareness of experience is said to have a collective anatomy (Marton, 1995, p. 171). No two 
students may experience the examination of student work samples in the exact same way, just as 
no two people have the exact same body characteristics, but there still exist some basic rules of 
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anatomy. Similarly, when analyzing students’ statements of their experiences examining student 
work, some collective anatomy of awareness can still be revealed. In his phenomenographic 
research, which sought to describe lived experiences, Marton called his data stripped depictions 
of capability and constraint (1995, p. 171). In the qualitative analysis in this study, descriptions 
of experiences emerged and were viewed as depictions of capability, such as experiences that 
enable mathematical understanding, or depictions of constraints, such as experiences that inhibit 
mathematical understanding.  
The substantive theoretical perspective of this study borrows from several cognitive 
theories of learning. Among the early cognitive learning theorists, who seek to characterize how 
people understand, learn, and think (Atherton, 2011a), Wertheimer, Kohler, and Koffka used 
Gestalt images, which are nonsensical images that can be identified in different ways by different 
people,  to investigate how the mind finds patterns, gains insights, and solves problems. Gestalt 
images demonstrate how the mind perceives things in a holistic way and tends to recognize 
something familiar within nonsensical images in a natural attempt to avoid nonsense (Atherton, 
2011b). As students made sense of the work of other students, their minds were similarly seeking 
out patterns and comparing them to their own prior mathematical reasoning as a frame of 
reference. Therefore, this study will take a cognitive approach when considering students’ 
analysis of work samples. 
Under the umbrella of cognitive science, many theorists consider metacognition, one’s 
ability to monitor their own thinking, to be a valuable part of learning. For example, Mevarech 
and Kramarski (1997) used a method called IMPROVE, which encouraged students to ask 
themselves questions as they solve problems, such as “What is the problem?”; “How is this 
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similar or different to prior knowledge or a different problem?”; “What are the strategies 
appropriate for solving this, and why?”; “When should this strategy be used?”; “What did I do 
wrong?”; “Does this solution make sense?”; and “How can this be worked a different way?”. The 
IMPROVE framework categorizes these metacognitive questions into four factors: (a) 
comprehension of the problem, (b) connections from prior knowledge to new knowledge, (c) use 
of appropriate strategies, and (d) reflection on the process and solution. Based on this 
metacognitive approach, this study assumed that using these questions to analyze others’ work 
would then encourage students to consider such questions when they are learning and solving 
problems themselves. This study will also be informed by Vygotsky’s (1978) theory of the Zone 
of Proximal Development, in which students have abilities to learn independently, abilities to 
learn with guidance, and a middle-ground where students’ thinking can be challenged. 
In addition to taking a cognitive approach, this study considered the humanistic qualities 
underlying Knowles’ (1975) concepts of self-directed learning. Knowles advocated self-directed 
learning, as opposed to teacher-directed learning, to allow learners to take more initiative in the 
learning process. Self-directed learning is based on the assumption that as people mature, they 
are more able to make their own learning choices, that they have an increasing need to make 
their own learning choices, and that they should develop this increased capacity for self-directed 
learning as soon as possible. Self-directed learning assumes that the experiences and reflections 
of the learners are valid learning resources, rather than solely relying on the words of experts in 
the form of textbooks and papers. Self-directed learning also assumes that learners are naturally 
task-oriented and learn by solving problems. Finally, self-directed learning assumes that students 
are intrinsically motivated to learn, meaning factors that are inside the learners are likely to 
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prompt the learners into action. Those intrinsic factors could include curiosity, perception of 
relevance, or the need to achieve. These assumptions influenced both the design of this study and 
the interpretation of the results. For example, because the participants are assumed to be natural 
problem solvers, the participants’ reflections were organized around specific problems, either 
correct or incorrect.  
In addition to the assumptions underlying self-directed learning, Knowles (1984; 
Knowles, Swanson, & Holton, 2011) proposed that learners need to perceive that the content has 
a relevance to their lives. This kind of pragmatism will impact this study; for instance, the 
interviews may show how the perception of relevance might be improved as a way to increase 
participation and improve the depth of participant reflection. Knowles also asserted that people 
learn through experiences, and he pointed out that some of these experiences are their own 
errors. This study assumes Knowles’ assertion that one can learn from one’s own mistakes to be 
true and seeks to discover the extent to which students are able to learn from others’ mistakes as 
well.  
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Chapter III 
Methods 
Methodology 
Participants. The sample for this study consists of all consenting students from among 
those enrolled in ten sections of a three-credit-hour Basic Calculus course. If each of these 
classes met their enrollment capacities, this group of potential participants could have been as 
large as 250 students (University of Tennessee Department of Mathematics, 2011). However, not 
all classes reached maximum enrollment, and some students withdrew from the course mid-
semester. Therefore, at the conclusion of the semester, 225 students were enrolled in these 
classes, and 220 of those students took the final exam. Of those 220 in attendance at the final 
exam meeting, 181 (82.3%) agreed to participate in this study. Of those 181 who agreed to 
participate, 57 (31.5%) agreed to be interviewed as a part of the study. Among those who 
consented to participate in interviews, nine participants were chosen and agreed to be 
interviewed in the beginning of the Fall 2012 semester. An informed consent form, found in 
Appendix A, was obtained from each participant. 
Although the gender distribution was anticipated to be similar to the University of 
Tennessee’s in the 2010 fall semester, in which 47.87% were female, and 52.13% were male, 
there were more females than males in this study. Specifically, 68.51% of the participants were 
female, and 31.49% were male. This gender distribution is statistically significantly different 
from what was anticipated; χ2(1, N = 181) = 30.08, p < .0001. While this suggests that this 
sample may not be representative of all university students, the sample should, nonetheless, be 
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representative of those enrolled in Basic Calculus. Of the nine interviewees, six (66.67%) were 
female and three (33.33%) were male. 
Among all Fall 2010 undergraduates at this university, 88.05% were considered residents 
of Tennessee; therefore, the researcher anticipated a similar proportion would be from 
Tennessee; in this sample, 92.82% were from Tennessee, a proportion that is not significantly 
different from anticipated; χ2(1, N = 181) = 3.47, p = .0625. Among the nine interviewees, eight 
(88.89%) were from Tennessee.  
Moreover, the racial make-up of this university’s undergraduate student body in fall of 
2010 is described by percentages in Table 1. Although data was not collected on race and 
ethnicity of the participants in this study, it is reasonable to expect that a similar distribution of 
race. 
 
Table 1. Racial Make-up of the University 
American Indian 1.05% 
Asian 3.59% 
Black 7.80% 
Hispanic 2.37% 
White 83.94% 
Unreported 1.24% 
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As a prerequisite, all enrollees in this course either had achieved an adequate score on a 
departmental placement exam or had completed a College Algebra course with a C or above. 
Because students are advised to take College Algebra and Basic Calculus in immediate 
succession rather than taking a different math course between College Algebra and Basic 
Calculus, many of these students had successfully completed College Algebra in the Fall 
semester of 2011 (Hagan, 2011a). Most of the participants were first-year students. Specifically, 
125 (69.06%) were freshmen, 44 (24.31%) were sophomores, 9 (4.97%) were juniors, and 3 
(1.66%) were seniors. Of the nine interviewees, six (66.67%) were freshmen, and three (33.33%) 
were sophomores. 
This course was designed for those majoring in business, economics, social science, 
agriculture, communications, or human ecology (Hagan, 2011a). Table 2 shows how the 
participants’ majors were distributed. 
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Table 2. Majors of the Participants 
Majors related to business management, such as Business 
Administration, Accounting, Economics, Finance, Marketing, 
and Retail 
33.15% (60 participants)  
Undecided 28.18% (51 participants)  
Related to biology or chemistry, such as Kinesiology, Nutrition, 
Animal Science, Soil Science, Plant, Science, Nursing, or Food 
Science 
23.76% (43 participants) 
Majors related to arts and behavioral sciences, such as 
Education, English, Psychology, Art, Theatre, Communications, 
and Languages  
13.26% (24 participants)  
Majors related to agriculture, such as Forestry and Wildlife 1.10% (2 participants) 
Math 0.55% (1 participant) 
 
 
Course. In this Basic Calculus Mathematics class comprised of 10 sections, the 
researcher taught the lecture portion, and four graduate students shared the responsibility of 
leading the recitation portions (University of Tennessee Department of Mathematics, 2011). This 
course, which introduces concepts in differential and integral calculus involving algebraic, 
logarithmic, and exponential functions, fulfills a Quantitative Reasoning requirement for degree-
seeking undergraduates at this university. Topics included rates of change, derivatives, 
techniques of differentiation, optimization, the definite integral, the Fundamental Theorem of 
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Calculus, applications of the integral, and techniques of integration. Although small scientific 
calculators are allowed, the exam items in this course can be successfully completed without a 
calculator and graphing calculators are prohibited (Hagan, 2011a, 2011b). Course content 
aligned with Larson’s eighth edition of Brief Calculus, An Applied Approach, and students were 
required to complete corresponding homework questions through an online homework and 
grading system called WebAssign (Hagan, 2011b; Larson, 2009). In addition to the WebAssign 
homework, students were required to complete eight online learning modules through 
Blackboard, and they contained work samples, which can be seen in Appendix C, for the 
students to analyze. 
Sampling. A lack of control over the teacher variable limited the generalizability of 
Kramarski and Zoldan’s findings (2008); however, in this study, stratified random sampling 
prevented similar limitations. Because different mathematical topics may have been discussed in 
recitation meetings, this could have threatened the generalizability of the findings if different 
recitation sections had been assigned different types of treatments. However, because the 
treatments (learning modules) were conducted outside of class in an online format, participants 
who were in the same section could be assigned to different treatment groups. Each section had 
two approximately equal-sized groups within it, one analyzing correct and one analyzing 
incorrect work samples. This stratification of sampling prevented one section from having a 
heavier proportion of one group than another section. The strata was the section in which the 
students were enrolled, and within each stratum, systematic sampling selected every second 
student listed in the sampling frame, which was a list of all those enrolled in each section. Table 
3 shows how the sampling was organized for each.  
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Table 3. Organization of Sampling 
Section Students 
1 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
2 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
3 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
4 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
5 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
6 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
7 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
8 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
9 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
10 ≈50% analyzed correct work samples in all 8 learning modules 
≈50% analyzed incorrect work samples in all 8 learning modules 
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For the interviews that were conducted after the semester concluded, the researcher used 
purposive sampling to select the interviewees by looking for students who were outliers among 
those who have consented to follow-up interviews. A participant was considered an outlier 
because of his/her degree of improvement or because of an unexpected outcome observed about 
the student. However, upon having an inadequate response rate among this group of outliers, the 
sample of interviewees was expanded to also include willing participants who had not been 
identified as outliers. 
Pilot study. The pilot study inspired improvements to this study in various aspects, one 
of which is sampling. In this dissertation study, treatment groups were randomly selected using 
stratified, systematic sampling because there seemed to be bias based on section in the pilot 
study, which used cluster sampling with each section as a cluster. Table 4 shows how the groups 
had been organized in the pilot study.  
XA: The participants were asked to analyze correct student work samples.  
XB: The participants were asked to analyze incorrect student work samples. 
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Table 4. Organization of Sampling in Pilot Study 
Section Recitation Leader Assignment 
1 2 3 4 5 6 7 8 
1 Jim XA XA XA XA XA XA XA XA 
2 Jim XB XB XB XB XB XB XB XB 
3 Don XA XA XA XA XA XA XA XA 
4 Don XB XB XB XB XB XB XB XB 
5 Alex XA XA XA XA XA XA XA XA 
6 Alex XB XB XB XB XB XB XB XB 
7 Pat XA XB XA XB XA XB XA XB 
8 Bob XB XA XB XA XB XA XB XA 
 
 
The bias by section was first detected in the participation rates. While most sections had a 
relatively high proportion of students who agreed to participate in the study, a much lower 
proportion of Don’s students agreed to participate. Thus, one can expect that there were other 
ways in which the difference in recitation leader would have influenced the outcomes of this 
study. Therefore, stratified random sampling was implemented in this dissertation study to avoid 
similar bias. 
Another aspect that was influenced by the pilot study was administration of the pre-test. 
In the pilot study, the pre-test questions were given in lecture meetings on different dates 
throughout the semester; whereas, in this dissertation study, the pre-test was given at the 
28 
 
beginning of the semester in the form of a required quiz. This change resulted in a higher rate of 
participants who responded to the pre-test questions. Also, in this dissertation study, the pre-test 
questions and the similar problems that appear on their exams were improved based on critique 
given by an expert validator. 
The pilot study also influenced some changes to the wording of the prompting questions. 
For instance, in the pilot study, only one group was asked students to summarize what was done 
to solve the problem in the work sample. However, in this dissertation study, this instruction was 
included with all work samples because of its positive impact on learning, which was revealed in 
the pilot study.  
In addition, in this dissertation study, the students will not be able to see each other’s 
responses because the pilot study participants seemed to be uncomfortable posting mathematical 
explanations that could be viewed by peers. However, because being able to see others’ 
responses can be beneficial to learning, this study simulated this by using talking avatars. The 
words of the avatars were created by pulling salient phrases from student responses in the pilot 
study data. Then, to further simulate student-to-student communication, the participants in this 
dissertation study had more opportunities to respond to these avatars’ comments.  
Survey instruments in this dissertation study were also influenced by those used in the 
pilot study. In this dissertation study, the students were asked to rate the treatments’ impact on 
learning according to various aspects of learning math, specifically understanding concepts, 
using rules, using strategies, communicating about math, and attitudes about math. This allowed 
for a more in-depth analysis of the ways in which the student work samples impacted the 
participants’ learning. In the pilot study, a survey on each exam had asked the participants to rate 
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the impact on learning of several elements of the course, such as lecture meetings, homework, 
and recitation meetings, with the student work sample analysis activities (learning modules) were 
listed as one of those elements, but that instrument did not collect data measuring how the 
treatments improved learning. In this dissertation study, a more in-depth survey appeared on 
Blackboard immediately following each work sample activity (learning module) only accessible 
to the student after completing the work sample analysis.  
The choices of methodology for this study were also influenced by the limitations of the 
pilot study. Although the pilot study investigated math ability, more descriptive data would be 
telling of other factors. The interviews, which were not included as part of the pilot study, were 
added to this study in hopes of revealing more about the students’ perspectives and the students’ 
experiences, such as how and why analyzing work samples may influence student thinking and 
attitudes. 
Overview of how this study is designed. From experience teaching this course, the 
researcher had identified common errors that students make in calculus and had created learning 
modules to present those errors to participants. For each of the errors, a problem in which the 
common error is made was presented in a learning module, and that same problem, without the 
error being made, was presented in another learning module. The following is a list of those 
errors. 
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Table 5. Error Types 
Error  Name of Error Description of Error 
1 Illegal cancel error Cancellation of terms instead of factors in the 
simplification of a rational expression 
2          error Use of          instead of        in the limit 
definition of the derivative 
3 Plus or minus error Omission of the negative solution when solving a quadratic 
equation with no linear term 
4 Exponent rule error Multiplication of exponents instead of addition of 
exponents when multiplying factors that have the same 
base 
5 Quotient rule error Differentiation of the numerator and denominator 
separately instead of using the quotient rule for 
differentiation 
6 Ordered pair error Use of the equation of the first derivative of      to find 
the      value in a maximum or minimum ordered pair  
7 Quotient integration 
error 
Integration of a rational function’s numerator and 
denominator separately instead of rewriting as a sum of 
terms to use the power rule for integration 
8 Plus   error Use of the      value that was given in the initial condition 
as the constant term   itself instead of using substitution to 
find the constant term   
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Table 5. Continued. 
Error  Name of Error Description of Error 
9 Power rule on exponential 
error 
Trying to use the power rule for integration on an 
exponential function composed with a polynomial 
function instead of using the chain, exponential, and 
power rules 
 
There is both a quantitative part and a qualitative part to this dissertation study. In the 
quantitative part of the study, the dependent variables include (a) overall achievement, (b) 
whether students’ correctly solved problems similar to those presented in the learning modules, 
(c) whether students’ made the same type of error that was presented in the learning modules, 
and (d) students’ perceptions of how much the learning module assignments impacted their 
learning. In the qualitative part of the study, semi-structured interviews, the interview protocol 
for which can be found in Appendix E, collected data that qualitatively describes the 
participants’ experiences of analyzing work samples. 
To clearly convey the research design of the quantitative part of this study (Research 
Questions 1-4), the following table utilizes notation similar to that established by Campbell and 
Stanley (1963). In Table 6, the letter O stands for an observation, and the letter X stands for a 
treatment. Oi, where i is a natural number, will stand for the observation of a variable that was 
observed i
th
 in order; for example, a pre-test observation may be O1 and a final exam observation 
may be O2. Also, XA will represent a learning module that presents a correct work sample, and 
XB will represent a learning module that presents an incorrect work sample. Consistent with 
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Campbell and Stanley (1963), if the lines are separated by + signs, then subjects were assigned to 
the comparisons groups randomly. The following table shows these diagrams for the four 
research questions with quantitative designs. 
 
Table 6. Quantitative Research Design Diagrams 
RQ Diagram Observations 
RQ1 O1 XA O2 
++++++++++ 
O1 XB O2 
O1 represents points scored on the pre-test. 
O2 represents final exam scores. 
 
RQ2 O1 XA O2 
++++++++++ 
O1 XB O2 
O1 represents points scored on associated pre-test questions. 
O2 represents mean of percentages of points scored on problems similar to 
those presented in the work samples. 
RQ3 O1 XA O2 
++++++++++ 
O1 XB O2 
O1 represents error rates on the pre-test. 
O2 represents error rates on unit exams and the final exam. 
RQ4 XA O2 
+++++++ 
XB O2 
O2 represents students’ ratings on a 5-point (1=not helpful, 2=slightly 
helpful, 3=somewhat helpful, 4=moderately helpful, 5=very helpful) 
Likert-type scale (1932) of the treatments’ impact on learning. 
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Pre-test. Nine pre-test questions, contained in one quiz, were administered on the first 
recitation meeting. If students added the class after the administration of the pre-test, they were 
expected to take the pre-test once they enrolled in the class. The pre-test, found in Appendix B, 
was deemed valid in content by an expert in mathematics education who is familiar with the 
Basic Calculus course. 
Treatments. In the presentation of student work samples and student responses in this 
study, the researcher used Voki (2011), to create speaking avatars. Each of the first six learning 
modules consists of five pages described below: 
1. The first page contained one student work sample, typed questions, and a talking avatar.  
2. The second page contained the same typed questions that were on the first page and an 
input field for the participants to type their responses to the questions.  
3. The third page had three talking avatars that spoke various responses to the student work 
sample. The script for these avatars was developed by pulling examples from student 
responses given in the pilot study. This page also showed the student work sample.  
4. The fourth page was an input field where the participants could add additional comments.  
5. The fifth page was the survey for rating the impact on learning. 
Below is a screenshot of the first page of a learning module, in which the avatar 
introduces herself as a calculus student named Melissa who needs help. She then asks questions 
similar to those that are typed below the accompanying correct work sample, which are shown in 
Table 7.  
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Figure 1. Page 1 of a Learning Module 
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Table 7. Questions that Accompanied Work Samples in Learning Modules 1-6 
Component of the IMPROVE 
framework for self-
questioning (Mevarech & 
Kramarski, 1997) 
Questions that Accompanied 
Correct Work Samples 
Questions that Accompanied 
Incorrect Work Samples 
comprehension Briefly describe the steps 
Melissa took. Do you think 
Melissa’s solution is correct? 
Explain. 
Briefly describe the steps Lisa 
took. Why do you think Lisa’s 
solution is incorrect? 
connection From your understanding of 
what a derivative is, does 
Melissa’s method make sense? 
Explain. 
From your understanding of 
what a derivative is, does 
Lisa’s answer seem reasonable 
or unreasonable? Explain.  
strategy Do you think Melissa’s 
method will work every time, 
or could there be special 
circumstances that would 
prevent her method from 
working? Explain. 
What specific steps or 
strategies could Lisa use to 
avoid making this type of 
error? 
reflection Can you share another way of 
finding this derivative? 
What would you say to Lisa to 
help with the problem? 
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 The second page of the learning module showed these questions and an input field for 
participants to submit their responses. On Blackboard, this input page was made by creating a 
test with one short-answer question. Using adaptive release, each participant was required to 
submit at least one response here before the following pages of the learning module would be 
accessible to that particular student. Below is a screenshot of an example of a third page of a 
learning module. It shows three avatars who provide explanations of the work sample. 
 
 
Figure 2. Page 3 of a Learning Module 
 
 
Then, because the participants may have wanted to comment on what they learned from others’ 
explanations, the fourth page allowed participants to make additional commentary.  
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Because students grew accustomed to the framework of questioning and began answering 
the questions with slightly more haste and with phrases similar to those they had used in prior 
responses, the researcher changed the format of the seventh and eighth learning modules to 
include different questions, as shown in Table 8, and to include two work samples instead of one. 
These learning modules were created according to the format described below:  
1. The first page showed a talking avatar, a student work sample, and three questions. In one 
learning module, the solution was correct and the strategy shown was traditional. In other 
words, the work sample looked similar to the examples found in the course textbook. 
However, in the other learning module, the solution was incorrect due to a common error. 
2. The second page showed the questions and had an input field for the participants’ 
responses.  
3. The third page showed three talking avatars that spoke various explanations of the work 
sample. The script for these avatars was developed by pulling examples from the 
students’ responses given in the pilot study. This page also showed the work sample.  
4. The fourth page showed the same math problem as had been used on the first page. In 
one learning module, it was correct but was solved using a non-traditional method. 
However, in the other learning module, the answer was incorrect due to a common error 
different from the one shown on the first page. The avatar and three accompanying 
questions were different from those on the first page.  
5. The fifth page showed the questions and an input field for the participants’ responses.  
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6. The sixth page had three talking avatars that spoke various explanations of the work 
sample. The script for these avatars was developed from examples from the students’ 
responses given in the pilot study. This page also showed the work sample.  
7. The seventh page was the survey measuring perceptions of impact on learning. 
For the groups who analyzed correct student work samples, the seventh and eighth learning 
modules presented the same problem, but solved in two different ways. One work sample 
presented a traditional solution that followed the solution patterns in the textbook, and the other 
presented a nontraditional strategy that had not been presented in the textbook or in the class. 
More specifically, the nontraditional method in these samples used knowledge of differentiation 
rules to figure out an integral, rather than knowledge of traditional integration rules. For the 
groups who analyzed incorrect student work samples, the seventh and eighth learning modules 
featured two different common errors.  
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Table 8. Questions that Accompanied Work Samples in Learning Modules 7-8 
Accompanying Correct, Traditional Sample: 
1. Explain the steps taken in Allison’s 
solution. Do you think this solution is correct? 
2. From your understanding of what an integral 
is, does this method in Allison’s solution make 
sense? Explain. 
3. Do you think the method shown here will 
work every time, or could there be special 
circumstances that would prevent Allison’s 
method from working? Explain. 
Accompanying First Incorrect Sample: 
1. First explain what Bruce did. Did Bruce just 
make a misstep or is there some overarching 
concept that Bruce doesn't understand? 
2. Explain the correct procedures. What would 
be your answer? What specific steps or 
strategies within this process could Bruce use 
to avoid this error? 
3. From your understanding of what an integral 
is, does your answer seem more reasonable 
than Bruce’s? Explain. 
Accompanying Correct, Nontraditional 
Sample: 
1. Explain the steps taken in Julie’s solution. 
Do you think this solution is correct? 
2. From your understanding of what an integral 
is, does Julie’s method make sense? Explain. 
3. Compare Allison’s solution and Julie’s 
solution. Describe how the two methods differ 
and how they are similar. Is one method 
"better"? Explain. 
Accompanying Second Incorrect Sample: 
1. First explain what Lewis did. Did Lewis just 
make a misstep or is there some overarching 
concept that Lewis doesn't understand? 
2. From your understanding of what an integral 
is, does your answer seem more reasonable 
than Lewis’s? Explain. 
3. Compare Bruce’s work to Lewis’s 
work. Would you say that one error is "worse" 
than the other? Explain. 
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After participants responded to each of the student work samples, avatars that provide other 
students’ responses were accessible, and at the very end of each learning module, the five-item 
survey was presented. 
Data collection. This section includes descriptions of the instruments used and methods for 
collecting data in this study. Since this study is concerned with overall achievement, problem-
solving abilities, replication of errors, students’ perceptions of impact on learning, and students’ 
descriptions of experiences, data sources included pre-tests, exams, final exams, surveys, and 
interviews.  
The comprehensive final exam scores were collected as measures of achievement. Also 
collected as data, were the participants’ solutions to unit exam and final exam problems that were 
similar to problems presented in work samples. These students’ solutions were then given a 
point-value, similar to partial credit, according to the rubrics in Appendix D. 
Also, all exam problems that presented opportunities to make errors similar to those in 
the learning modules were used to collect data. The coding framework included values for a 
dichotomous variable measuring whether or not the participant reached the step in which the 
error of interest commonly occurs. A number 1 would indicate that the student reached that step, 
and a number 0 would indicate the student did not reach that step, either by leaving it blank or by 
making an earlier misstep that prevented the error of interest from being a possibility. A separate 
column corresponded to a dichotomous variable indicating whether the error of interest was 
committed, with a number 1 indicative of making the error and 0 indicative of not making the 
error.   The diagram below shows the possible categories that were described: 
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Figure 3. Coding Diagram for Error Replication 
 
 For the five-item five-point Likert-type scale (1932) survey administered online at the 
end of each learning module, each of the five items corresponded to one aspect of learning math. 
The items in the survey are shown in Table 9. 
  
exam item 
reached the step 
where the error of 
interest is typically 
made (1) 
made the error of 
interest (1) 
did not make the error 
of interest (0) 
did not reach the step 
where the error of 
interest is typically 
made (0) 
made a prior misstep 
that prevented the 
error of interest from 
being possible 
left it blank 
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Table 9. Aspects of Learning and Survey Items 
Aspects of Learning Item on the Survey 
Understanding of 
Underlying Concepts 
Rate the helpfulness of the learning module as it relates to your 
understanding of mathematical ideas. 
Using Rules and 
Procedures 
Rate the helpfulness of the learning module as it relates to your ability 
to follow rules of math. 
Using Strategies 
Rate the helpfulness of the learning module as it relates to your ability 
to develop a problem-solving strategy. 
Communicating about 
Math 
Rate the helpfulness of the learning module as it relates to your ability 
to think about and explain your answers. 
Attitudes 
Rate the helpfulness of the learning module as it relates to your 
attitudes about math and about your abilities. 
 
 
Possible responses for each were (1) not helpful, (2) slightly helpful, (3) somewhat helpful, (4) 
moderately helpful, and (5) very helpful, and participants’ responses to each survey question 
within each module were recorded in a separate column.  
 For Research Question 5, the interview protocols used, which was piloted by 
interviewing a researcher who audited Basic Calculus in the Fall 2011 semester with a different 
instructor and then completed these learning modules, can be found in Appendix E. The 
interview questions were open-ended questions that invited participants to describe their unique 
experiences. The protocol included questions about their experiences responding to the learning 
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modules, about the feedback the learning modules provided, and about how each aspect of 
learning related to those experiences. These interviews were audio-recorded and later 
transcribed.  
Reliability and validity. To investigate group differences in abilities to solve problems 
similar to those presented in the work samples, students’ solutions were scored for correctness 
according to a rubric. To determine consistency between raters, 22 out of 181 participants 
(12.15%) were randomly selected using systematic sampling for inter-rater reliability testing. 
The solutions provided by these 22 participants were scored by two raters. Because raters were 
not required to assign a certain number of scores to students’ responses, using Randolph’s free-
marginal multi-rater kappa (Randolph, 2005; Warrens, 2010) was appropriate for analyzing 
inter-rater reliability (Brennan & Prediger, 1981).  
For Research Question 4, which investigates the Likert-type ratings of impact on 
learning, internal consistency reliability was estimated by a Cronbach’s Alpha test, which tests 
how all items on a test relate to all other items on the test. This was an appropriate choice 
because of the interconnectedness of the constructs being measured.  
To determine the credibility of the qualitative part of this study, both the researcher and 
the participants were involved. As Patton (1980) suggested, the researcher analyzed the data 
multiple times, and when the data was found to be saturated with certain domains, then the 
findings were considered credible because they were thoroughly substantiated by the data. In 
addition, to establish how accurately the participants’ perceptions had been portrayed in the final 
written report, member-checking (Lincoln & Guba, 1985) was implemented by e-mailing 
participants transcripts and the qualitative results and requesting feedback. 
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Data analysis. For Research Questions 1, 2, and 3, an Analysis of Covariance 
(ANCOVA) was used for determining group differences while adjusting for any prior knowledge 
indicated in the pre-test scores. ANCOVA increases the power of the comparison by removing 
the variance caused by the pre-test-associated variables. The assumptions of normality, 
homogeneity of regression, and homogeneity of variance were tested. F-values and p-values are 
reported in the results section. For Research Question 4, independent-samples t-test was 
appropriate to determine differences between groups’ mean ratings on the survey. 
The interview data was analyzed in a manner similar to what Hatch described as inductive 
analysis (2002), which borrows heavily from Spradley’s ideas (1979, 1980) of detecting salient 
domains by paying attention to the relationships between these domains. Hatch’s inductive 
analysis (2002) includes analysis within domains as well as an analysis of themes across 
domains. Because this investigation inquires about the qualitative differences in participants’ 
experiences, phenomenography also influenced this data analysis. Therefore, Marton’s (1995) 
framework of capabilities and constraints was considered when seeking qualitative differences in 
how participants viewed the work sample analyses as impacting their learning positively 
(capability) or negatively (constraints). 
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Chapter IV 
Results  
Results of Quantitative Analysis 
 To investigate the impact work sample analysis has on learning, one randomly assigned 
group of students analyzed correct work while the other analyzed incorrect work. Data from 181 
enrollees in 10 sections of Basic Calculus at a large university included the following: (a) pre-
test scores, (b) pre-test error rates, (c) final exam scores, (d) scores on problems similar to those 
in the work samples, (e) error rates on exams, particularly errors similar to those in work 
samples, and (f) students’ ratings of impact on learning. An analysis of covariance (ANCOVA) 
and an independent-samples t-test were conducted to determine possible group differences in 
final exam scores, in problem-solving ability, in making common errors, and in perceptions of 
impact on understanding and attitudes.  
For statistical tests in this study, a value of .05 was used as the significance level. 
Reported p-values less than .05 indicated the difference or correlation being tested was 
statistically significant, as supported by the data. 
Final exam scores. In the interest of revealing any impact the correctness of the analyzed 
work samples might have made on the calculus students’ overall achievement, the pre-test scores 
and the final exam scores were recorded and analyzed. Descriptive statistics are summarized in 
Table 10, below. Not all students were present for the pre-test; therefore, the sample sizes used in 
this ANCOVA analysis was limited to only those present for both tests (88 students who 
analyzed correct work and 84 students who analyzed incorrect work). The students who analyzed 
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incorrect work had higher final exam scores than the students who analyzed correct work, 
despite the fact that students who analyzed correct work had higher scores on the pre-test.  
 
Table 10. Pre-Tests and Final Exams: Descriptive Statistics, by Group 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Score 
(54 points possible) 
N 88 84 172 
M 36.31 35.14 35.74 
Med. 36.50 36.50 36.50 
SD 9.45 9.60 9.51 
Final Exam Score 
(100 points possible) 
N 94 87 181 
M 80.70 81.59 81.13 
Med. 83.88 85.00 84.00 
SD 13.80 12.27 13.06 
 
 
The independent variable in this test included two groups: analyzed correct samples and 
analyzed incorrect samples. The dependent variable was students’ achievement on the final 
exam. The covariate was the students’ prior knowledge presented on the pre-test. The means, 
medians, and standard deviations in scores on the pre-test were expected to be lower than those 
of the final exam scores, since the possible number of points on the pre-test was 54 while the 
possible number of points on the final exam was 100. This difference in the number of possible 
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points was also accounted for when running the ANCOVA.  Before running this test, four 
assumptions underlying the ANCOVA test were considered: (1) randomness and independent 
sampling, (2) normality, (3) homogeneity of regression slopes, and (4) homogeneity of variance. 
First, because participants were assigned to groups using a stratified random sampling technique 
and because pre-test data was collected prior to participants’ viewing of the learning modules, 
the assumption of random and independent sampling was met.  
To test for homogeneity of variance, Levene’s test was performed and revealed that no 
statistically significant difference exists between the variances of the two groups’ scores; F(1, 
170) = 0.14, p = .712. Although the assumption of normality in the distribution of residuals was 
rejected with the Shapiro-Wilk test for normality, W(172) = 0.89, p = .000, analysis of 
covariance (ANCOVA) is, in general, robust to violations of normality, especially when cell 
sizes are equal (Owen & Froman, 1998); Furthermore, ANCOVA F-ratios are robust except for 
extreme violations of homogeneity of regression (Hamilton, 1977; Wu, 1984). Therefore, in this 
case, since the cell sizes are approximately equal and since homogeneity of regression was 
confirmed, F(1, 168) = 0.52, p = .470, the ANCOVA was performed despite the violation of 
normality. Unsurprisingly, the covariate, which was the participants’ scores on the pre-test, was 
significantly related to scores on the final exam, F(1, 169) = 20.32, p = .000, with 10.7% of the 
variance in the dependent variable being explained by the pre-test scores.  
After controlling for pre-test scores, the ANCOVA revealed no significant difference in 
the two groups’ (students who analyzed correct work vs. those who analyzed incorrect work) 
final exam scores; F(1, 169) = 1.24, p = .267. When adjusted to account for differences in pre-
test scores, the mean final exam score for students who analyzed incorrect work was 82.79, while 
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the mean for those who analyzed correct work was 80.78, which was not significantly different. 
Specifically, after accounting for prior knowledge, only 0.7% of the variance in final exam 
scores was explained by the type of work participants analyzed. 
Abilities to solve similar problems. To determine if the type of work the students 
analyzed had any influence on their abilities to solve similar problems to those in the work 
samples, responses to certain pre-test and exam questions were analyzed. Each pre-test response 
was scored by a six-point rubric, and each exam question similar to a learning module was 
scored by a separate rubric. These were scored by separate rubrics because of their difference in 
difficulty; because students could not be held accountable for calculus knowledge on the pre-test, 
the pre-test questions required simpler solutions than those on the exams. Because the exam 
question rubrics varied in point-values, all exam-question scores were converted to percentages.  
Ten ANCOVAs were conducted: one for the mean of all scores on similar exam 
problems, one for each of the eight learning modules, and one overall analysis. Each section that 
follows will report the results for these tests. Once again, the assumptions underlying the analysis 
of covariance (ANCOVA) were considered, and the results of these tests are provided in Table 
11.  
49 
 
Table 11. Results of Assumption Tests for Research Question 2 
 
Shapiro Wilk Test for 
Normality 
Levene’s Test for 
Homogeneity of Variance 
Homogeneity of 
Regression 
Mean W(172) = 0.95, p = .000 F(1, 170) = 0.11, p = .743 F(1, 168) = 1.37, p = .244 
LM1 W(170) = 0.69, p = .000 F(1, 168) = 4.38, p = .038 F(1, 166) = 0.02, p = .898 
LM2 W(166) = 0.75, p = .000 F(1, 164) = 0.46, p = .497 F(1, 162) = 2.04, p = .155 
LM3 W(166) = 0.84, p = .000 F(1, 164) = 0.49, p = .486 F(1, 162) = 2.85, p = .093 
LM4 W(159) = 0.90, p = .000 F(1, 157) = 0.59, p = .444 F(1,155) = 3.54, p = .062 
LM5 W(160) = 0.74, p = .000 F(1, 158) = 1.21, p = .274 F(1, 156) = 0.72, p = .397 
LM6 W(152) = 0.83, p = .000 F(1, 150) = 4.00, p = .047 F(1, 148) = 0.11, p = .744 
LM7 W(146) = 0.96, p = .001 F(1, 144) = 1.14, p = .288 F(1, 142) = 0.26, p = .612 
LM8 W(128) = 0.91, p = .000 F(1, 126) = 1.02, p = .314 
F(1, 120) = 0.68, p = .412 
F(1, 120) = 0.23, p = .633 
Overall W(1247) = 0.86, p = .000 F(1, 1245) = 0.59, p = .444 F(1, 1243) = 0.39, p = .532 
 
 
Table 11 reveals that normality was rejected with the Shapiro-Wilk tests and that homogeneity of 
variance was rejected with some of the learning modules. However, analysis of covariance 
(ANCOVA) is, in general, robust except for extreme violations of homogeneity of regression 
(Hamilton, 1977; Wu, 1984) and is robust to moderate violations of homogeneity of variance as 
long as sample sizes in each group are approximately equal (Boneau, 1960; Glass et al., 1972). 
Therefore, because the cell sizes were approximately equal and homogeneity of regression slopes 
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was confirmed in all cases, the ANCOVAs were performed despite the violations of normality 
and of homogeneity of variance. Because there were two covariates for Learning Module 8, 
results are reported in the above table for both regression tests.  
Abilities to solve similar problems, mean. A one-way analysis of covariance (ANCOVA) 
was conducted to evaluate the relationship between the type of the work samples analyzed 
(correct vs. incorrect) and participants’ abilities to solve problems that were similar to those 
presented in the learning modules. The independent variable included two levels: analyzed 
correct work samples and analyzed incorrect work samples. The dependent variable was the 
mean of all the percentages of points earned on all exam questions (from Exam 1, Exam 2, Exam 
3, Exam 4, or the final exam) that were similar to ones presented in any of the eight learning 
modules. These exam questions were delimited to those that participants saw after they had 
completed the corresponding learning modules. For example, if a student did not complete 
Learning Module 1, then the participants’ scores on exam problems similar to Learning Module 
1 were coded as missing, so as not to affect the analysis. 
 The descriptive statistics comparing the two groups are shown in Table 12. The students 
who analyzed incorrect work earned more points (79% of possible points) than the students who 
analyzed correct work (78% of possible points), despite the fact that students who analyzed 
correct work scored more points on the pre-test.  
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Table 12. Pre-Tests and Mean of Scores on Similar Exam Problems: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Scores 
(as percents) 
N 88 84 172 
M 67.23 65.08 66.18 
SD 17.50 17.78 17.62 
Similar Exam Problem Scores 
(as percents) 
N 94 87 181 
M 78.10 79.00 78.53 
SD 13.71 12.26 13.01 
 
 
Scores on the related pre-test problem were significantly related to exam-problem scores, 
F(1, 169) = 39.28, p = .000, with 18.9% of the variance in exam-problem scores being explained 
by the pre-test scores. The difference between exam-question scores for analysts of correct work 
and analysts of incorrect work was not statistically significant after controlling for pre-test 
scores; F(1, 169) = 0.82, p = .367. Exam-problem scores for analysts of incorrect work had an 
adjusted mean of 79.92, while the scores for analysts of correct work had an adjusted mean of 
78.35. This difference was not statistically significant.  Specifically, after accounting for prior 
knowledge, only 0.5% of the variance in exam-problem scores was explained by the type of the 
work analyzed. 
 Abilities to solve problems similar to Learning Module 1. Learning Module 1 (LM1) 
presented a problem that was most efficiently solved by direct substitution to find a limit of a 
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rational expression. In particular, the task was to find       
         
  
. The learning module 
that presented the correct solution showed replacement of the x variable with the value of two 
and showed the calculations that led to the answer of ¾. The learning modules that presented 
incorrect solutions began with the illegal cancel error, in which the squared x in the numerator 
was marked out simultaneously with the squared x in the denominator. This error was followed 
by direct substitution, i.e. replacement of all x variables with two, to yield an incorrect answer of 
15. After the participants saw these learning modules, this exact type of problem appeared once 
on Exam 1 and once on the final exam. Responses to each of these exam problems were scored 
on five-point rubrics. The inter-raters were in perfect agreement; thus, inter-rater reliability was 
found to be Kappa = 1.00 (Randolph, 2008). Then, those scores were converted to percentages. 
Any participants who failed to complete Learning Module 1 were coded as missing so as not to 
affect the outcome of the statistical test.  
On the pre-test, the task that was most closely tied to this problem-type was the one 
asking participants to rewrite the expression 
       
  
 as an expression with two terms. Although 
this task did not require direct substitution, it did require some knowledge of equivalent ways of 
writing this rational expression. For example, 
       
  
 is equivalent to 
   
  
 
    
  
 or     , and 
using such equivalent forms could aid in evaluation. On the other hand, if participants rewrote 
this rational expression as something that was not equivalent, then this probably would 
negatively influence their ability to solve the direct substitution limit problems on the exams as 
well. Therefore, the covariate for this statistical test was prior knowledge measured by the 
number of points scored on this pre-test question, according to a six-point rubric. 
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The descriptive statistics comparing the two groups are shown in Table 13. The students 
who analyzed correct work earned more points (94% of possible points) when finding limits of 
rational expressions by direct substitution on exams than the students who analyzed incorrect 
work (91% of possible points), despite the fact that students who analyzed incorrect work had 
higher scores on the associated pre-test question.  
 
Table 13. Pre-Test and Exam Problems Similar to LM1: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Scores 
(6 points possible) 
N 88 84 172 
M 4.14 4.35 4.24 
SD 2.25 1.89 2.08 
Similar Exam Problem Scores 
(as percents) 
N 92 87 179 
M 94.56 91.49 93.02 
SD 10.83 14.35 12.71 
 
 
Scores on the related pre-test problem were not significantly related to LM1-type exam-
problem scores, F(1, 167) = 0.31, p = .577, with only 0.2% of the variance in the LM1-type 
exam-problem scores being explained by the pre-test scores. The difference between LM1-type 
exam-question scores for analysts of correct work and analysts of incorrect work was not 
statistically significant after controlling for pre-test scores; F(1, 167) = 2.17, p = .143. The LM1-
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type exam-problem scores for analysts of incorrect work had an adjusted mean of 91.87, while 
the scores for analysts of correct work had an adjusted mean of 94.68. This difference was not 
statistically significant.  Specifically, after accounting for prior knowledge, only 1.3% of the 
variance in LM1-type exam-problem scores was explained by the type of the work analyzed. 
 Abilities to solve problems similar to Learning Module 2. The work samples from 
Learning Module 2 (LM2) presented the task of finding the derivative of a quadratic binomial 
function with a zero constant term by using the formal limit definition of derivative. Specifically, 
the problem said, “Find the derivative of            using the limit definition.” The work 
sample that presented a correct solution first showed the limit definition, 
            
           
 
, and then showed a replacement of        with [       
      ] and a replacement of      with [     ]. That was followed by appropriate uses of 
the distributive property and combination of like terms that yielded       
         
 
. The 
correct work sample then showed a factorization of the numerator followed by             
  . Lastly, participants saw direct substitution, replacing h with zero, yielding the derivative 
          . 
On the other hand, when some of the participants completed Learning Module 2 (LM2), 
they were faced with an incorrect solution to the same problem. This work sample was incorrect 
because it demonstrated a faulty understanding of function notation, particularly the meaning of 
      . Instead of replacing        with [             ], the avatar had replaced it 
with [       ], which is equivalent to       , not       . All other steps were similar 
to those demonstrated in the correct work sample, except for the last step of direct substitution. 
Evaluating the expression for     was not necessary because the expression had simplified to 
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a constant, the incorrect answer of one. After the participants saw these learning modules, this 
type of problem appeared once on Exam 1 and once on the final exam. Responses to each of 
these exam problems were scored on 10-point rubrics, and the inter-rater reliability was found to 
be Kappa = .85 (Randolph, 2008), which is indicative of almost perfect agreement between raters 
(Landis & Koch, 1977).  Then, those scores were converted to percentages. Any participants who 
failed to complete Learning Module 2 were coded as missing so as not to affect the outcome of 
the statistical test.  
On the pre-test, the task that was most closely tied to this problem type was the one 
asking participants to determine        if            . Although this task did not 
require knowledge of derivatives or limits, it did require knowledge of function notation, the 
distributive property, and combination of like terms, which are all essential to success in solving 
LM2-type problems.  Therefore, the covariate for this statistical test was prior knowledge 
measured by the number of points scored on this pre-test question, according to a six-point 
rubric. 
The descriptive statistics comparing the two groups are shown in Table 14. The students 
who analyzed incorrect work earned more points (87% of possible points) when finding 
derivatives using the limit definition on exams than the students who analyzed correct work 
(84% of possible points). Similarly, those who analyzed incorrect work also had higher scores on 
the associated pre-test question.  
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Table 14. Pre-Test and Exam Problems Similar to LM2: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Scores 
(6 points possible) 
N 88 84 172 
M 2.85 3.44 3.14 
SD 2.59 2.66 2.63 
Similar Exam Problem Scores 
(as percents) 
N 90 82 172 
M 84.39 86.83 85.55 
SD 25.12 21.38 23.37 
 
 
Scores on the related pre-test problem were significantly related to LM2-type exam-
problem scores, F(1, 163) = 7.92, p = .006, with 4.6% of the variance in the LM2-type exam-
problem scores being explained by the pre-test scores. The difference between LM2-type exam-
question scores for analysts of correct work and analysts of incorrect work was not statistically 
significant after controlling for pre-test scores; F(1, 163) = 0.01, p = .935. The LM2-type exam-
problem scores for analysts of incorrect work had an adjusted mean of 86.35, while the scores for 
analysts of correct work had an adjusted mean of 86.07. This difference was not statistically 
significant.  Specifically, after accounting for prior knowledge, 0.0% of the variance in LM2-
type exam-problem scores was explained by the type of the work analyzed. 
Abilities to solve problems similar to Learning Module 3. The problem presented in 
Learning Module 3 (LM3) involves finding intervals of continuity of a rational function with two 
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non-removable discontinuities. In particular, the denominator is a quadratic with a zero linear 
term; therefore, a student could use either factoring by difference of squares or extracting a 
square root to determine for what values of x the denominator would be zero. In particular, the 
learning modules began with, “State intervals over which the function      
 
    
 is 
continuous.” The participants who analyzed correct solutions to this problem saw the avatar 
solving        by factoring to determine that      is continuous over the intervals 
                and      . On the other hand, those participants who saw this problem 
solved incorrectly did not see factorization of the denominator. The incorrect solution exhibited 
knowledge that the expression 
 
    
 is undefined at    , but showed no consideration of its 
value at     . The incorrect solution determined that      is continuous over the intervals 
       and      . After the participants saw these learning modules, this type of problem 
appeared once on Exam 1 and once on the final exam. Responses to each of these exam problems 
were scored on six-point rubrics, and the inter-rater reliability was found to be Kappa = .95 
(Randolph, 2008), which is indicative of almost perfect agreement between raters (Landis & 
Koch, 1977). Then, those scores were converted to percentages. Any participants who failed to 
complete Learning Module 3 were coded as missing so as not to affect the outcome of the 
statistical test.  
On the pre-test, the task that was most closely tied to this problem type was the one 
asking participants to solve       . Although this task did not require knowledge of 
continuity or rational functions, it did require knowledge of solving a quadratic equation with a 
zero linear term, which is essential to success in solving LM3-type problems.  Therefore, the 
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covariate for this statistical test was prior knowledge measured by the number of points scored 
on this pre-test question, according to a six-point rubric.  
The descriptive statistics comparing the two groups are shown in Table 15. The students 
who analyzed incorrect work earned more points (86% of possible points) when finding intervals 
of continuity of rational functions on exams than the students who analyzed correct work (84% 
of possible points), despite the fact that the participants who analyzed correct work had higher 
scores on the associated pre-test question.  
 
Table 15. Pre-Test and Exam Problems Similar to LM3: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Scores 
(6 points possible) 
N 88 84 172 
M 5.09 4.88 4.99 
SD 1.12 1.16 1.14 
Similar Exam Problem Scores 
(as percents) 
N 90 83 173 
M 84.29 85.68 84.96 
SD 21.78 19.39 20.62 
 
 
Scores on the related pre-test problem were significantly related to LM3-type exam-
problem scores, F(1, 163) = 6.09, p = .015, with 3.6% of the variance in the LM3-type exam-
problem scores being explained by the pre-test scores. The difference between LM3-type exam-
59 
 
question scores for analysts of correct work and analysts of incorrect work was not statistically 
significant after controlling for pre-test scores; F(1, 163) = 0.56, p = .455. The LM3-type exam-
problem scores for analysts of incorrect work had an adjusted mean of 87.00, while the scores for 
analysts of correct work had an adjusted mean of 84.80. This difference was not statistically 
significant.  Specifically, after accounting for prior knowledge, only 0.3% of the variance in 
LM3-type exam-problem scores was explained by the type of the work analyzed. 
Abilities to solve problems similar to Learning Module 4. The problem in Learning 
Module 4 (LM4) involved using the product rule to find a derivative of a function that was 
written in factored form and that had terms of rational degree. In particular, Learning Module 4 
read, “Use the product rule to find the derivative of      √  ( √   ).” The participants 
who analyzed correct work samples saw a solution that first showed the function written in 
exponential form,       
 
 ⁄ (  
 
 ⁄   ), with the first factor labeled f and the second factor 
labeled g. After stating the product rule, the avatar correctly used the power rule to determine    
and   , and then stated that       (
 
 
 
 
 ⁄ ) (  
 
 ⁄   )  (
 
 
 
  
 ⁄ ) ( 
 
 ⁄ ). This was followed 
by correct use of the distributive property and combination of like terms to arrive at the correct 
answer of            
 
 ⁄ .  
On the other hand, the participants who analyzed incorrect work samples saw this 
problem met with an error in use of the distributive property. In the incorrect solution, the avatar 
had correctly used the product rule and had arrived at       (
 
 
 
 
 ⁄ ) (  
 
 ⁄   )  
(
 
 
 
  
 ⁄ ) ( 
 
 ⁄ ), but the following step contained the error of multiplying the exponents instead 
of adding the exponents when multiplying terms. For example, when multiplying 
 
 
 
 
 ⁄  by 
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 ⁄ , the product was incorrectly determined to be 
 
 
 
 
 ⁄ , rather than 
 
 
 . Thus, the avatar had 
arrived at the incorrect derivative       
 √ 
 
 
  √  
 
 √  
 . After the participants saw these 
learning modules, this type of problem appeared once on Exam 2 and once on the final exam. 
Responses to each of these exam problems were scored on six-point rubrics, and because the 
raters were in perfect agreement, the inter-rater reliability was found to be Kappa = 1.00 
(Randolph, 2008). Then, those scores were converted to percentages. Any participants who failed 
to complete Learning Module 4 were coded as missing so as not to affect the outcome of the 
statistical test.  
On the pre-test, the task that was most closely tied to this problem type was the one 
asking participants to multiply √ (    √ ). Although this task did not require knowledge of 
differentiation or of the product rule, it did require knowledge of rational exponents, of the 
distributive property, and of exponent rules, which is essential to success in solving LM4-type 
problems.  Therefore, the covariate for this statistical test was prior knowledge measured by the 
number of points scored on this pre-test question, according to a six-point rubric.  
The descriptive statistics comparing the two groups are shown in Table 16. The students 
who analyzed correct work earned more points (75% of possible points) when finding intervals 
of continuity of rational functions on exams than the students who analyzed incorrect work (74% 
of possible points), despite the fact that the participants who analyzed incorrect work had higher 
scores on the associated pre-test question.  
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Table 16. Pre-Test and Exam Problems Similar to LM4: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Scores 
(6 points possible) 
N 88 84 172 
M 3.19 3.30 3.24 
SD 1.74 1.78 1.75 
Similar Exam Problem Scores 
(as percents) 
N 86 81 167 
M 75.44 73.69 74.59 
SD 21.38 20.66 20.99 
 
 
Scores on the related pre-test problem were significantly related to LM4-type exam-
problem scores, F(1, 156) = 8.57, p = .004, with 5.2% of the variance in the LM4-type exam-
problem scores being explained by the pre-test scores. The difference between LM4-type exam-
question scores for analysts of correct work and analysts of incorrect work was not statistically 
significant after controlling for pre-test scores; F(1, 156) = 0.63, p = .428. The LM4-type exam-
problem scores for analysts of incorrect work had an adjusted mean of 73.85, while the scores for 
analysts of correct work had an adjusted mean of 76.40. This difference was not statistically 
significant.  Specifically, after accounting for prior knowledge, only 0.4% of the variance in 
LM4-type exam-problem scores was explained by the type of the work analyzed. 
Abilities to solve problems similar to Learning Module 5. Learning Module 5 (LM5) 
involved using the quotient rule to find the derivative of a rational function. In particular, it read, 
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“find the derivative of      
            
     
.” Participants who analyzed correct work samples 
saw this problem solved using the quotient rule, followed by use of the distributive property and 
combination of like terms, yielding the correct answer of  
              
        
. On the other hand, the 
incorrect solution to this problem showed what would happen if a student failed to use the 
quotient rule for differentiation. The avatar assumed that the derivative of a rational function 
would be the derivative of its numerator divided by the derivative of its denominator, yielding 
the incorrect answer of 
        
  
. After the participants saw these learning modules, this type of 
problem appeared once on Exam 2 and once on the final exam. Responses to each of these exam 
problems were scored on six-point rubrics, and the inter-rater reliability was found to be Kappa = 
.81 (Randolph, 2008), which is indicative of almost perfect agreement between raters (Landis & 
Koch, 1977). Then, those scores were converted to percentages. Any participants who failed to 
complete Learning Module 5 were coded as missing so as not to affect the outcome of the 
statistical test.  
On the pre-test, the task that was most closely tied to this problem type was the one 
asking participants to choose which functions were quotients. The choices provided were 
     
       
    
,        ,      √   ,            ,      
    
  
, and         | |. 
Although this task did not require knowledge of differentiation, of the quotient rule, or of the 
distributive property, it did require recognition of quotients, which is essential to success in 
solving LM5-type problems.  Therefore, the covariate for this statistical test was prior knowledge 
measured by the number of points scored on this pre-test question, according to a six-point 
rubric.  
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The descriptive statistics comparing the two groups are shown in Table 17. The students 
who analyzed correct work earned slightly more points (84% of possible points) when finding 
derivatives using the quotient rule on exams than the students who analyzed incorrect work (84% 
of possible points). Similarly, the participants who analyzed correct work also had higher scores 
on the associated pre-test question.  
 
Table 17. Pre-Test and Exam Problems Similar to LM5: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Scores 
(6 points possible) 
N 88 84 172 
M 5.11 4.89 5.01 
SD 1.64 1.76 1.70 
Similar Exam Problem Scores 
(as percents) 
N 89 79 168 
M 84.32 84.11 84.22 
SD 22.06 19.70 20.92 
 
 
Scores on the related pre-test problem were not significantly related to LM5-type exam-
problem scores, F(1, 157) = 2.74, p = .100, with 1.7% of the variance in the LM5-type exam-
problem scores being explained by the pre-test scores. The difference between LM5-type exam-
question scores for analysts of correct work and analysts of incorrect work was not statistically 
significant after controlling for pre-test scores; F(1, 157) = 0.01, p = .939. The LM5-type exam-
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problem scores for analysts of incorrect work had an adjusted mean of 84.72, while the scores for 
analysts of correct work had an adjusted mean of 84.46. This difference was not statistically 
significant.  Specifically, after accounting for prior knowledge, 0.0% of the variance in LM5-
type exam-problem scores was explained by the type of the work analyzed. 
Abilities to solve problems similar to Learning Module 6. Learning Module 6 (LM6) 
presented the task of finding the relative extrema of the polynomial function          
        . The correct solution began with showing the derivative                  , 
setting the derivative equal to zero, and solving it by factoring, yielding the critical values 
       and    . The correct solution then showed a sign diagram for the first derivative, 
which showed the signs of       in each of the three intervals on x. The work sample showed 
how the avatar determined the x-values for the relative maximum and minimum and then used 
evaluation in the original      function to determine the corresponding y-values. The correct 
work finally showed a relative maximum for      at (   ⁄  
  
 ⁄ ) and a relative minimum at 
        .  
The incorrect work samples showed similar steps, except for the last step. Instead of 
using      to determine the corresponding y-values, the avatar incorrectly used the 
      function, yielding a relative maximum at (   ⁄   ) and a relative minimum at      . 
After the participants saw these learning modules, this exact type of problem appeared once on 
Exam 2, once on Exam 3, and once on the final exam. Responses to each of these exam problems 
were scored on 13-point or 22-point rubrics. The inter-rater reliability for the problem on Exam 2 
was Kappa = .88 and for the problem on Exam 3 was Kappa = .80 (Randolph, 2008), and these 
Kappa statistics were indicative of almost perfect agreement and substantial agreement between 
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raters, respectively (Landis & Koch, 1977). Then, those scores were converted to percentages. 
Any participants who failed to complete Learning Module 6 were coded as missing so as not to 
affect the outcome of the statistical test.  
On the pre-test, the task that was most closely tied to this problem type was the one 
asking participants to determine the ordered pair of the point at     on the graph of the 
function              . Although this task did not require knowledge of differentiation 
or of relative extrema, it did require understanding of ordered pairs and functions, which is 
essential to success in solving LM6-type problems.  Therefore, the covariate for this statistical 
test was prior knowledge measured by the number of points scored on this pre-test question, 
according to a six-point rubric.  
The descriptive statistics comparing the two groups are shown in Table 18. The students 
who analyzed incorrect work earned more points (90% of possible points) when finding relative 
extrema on exams than the students who analyzed correct work (87% of possible points), despite 
the fact that the participants who analyzed correct work had higher scores on the associated pre-
test question.  
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Table 18. Pre-Test and Exam Problems Similar to LM6: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Scores 
(6 points possible) 
N 88 84 172 
M 4.85 4.01 4.44 
SD 1.96 2.45 2.43 
Similar Exam Problem Scores 
(as percents) 
N 84 74 158 
M 87.48 89.82 88.58 
SD 16.04 11.11 13.95 
 
 
Scores on the related pre-test problem were not significantly related to LM6-type exam-
problem scores, F(1, 152) = 2.04, p = .155, with 1.4% of the variance in the LM6-type exam-
problem scores being explained by the pre-test scores. The difference between LM6-type exam-
question scores for analysts of correct work and analysts of incorrect work was not statistically 
significant after controlling for pre-test scores; F(1, 152) = 2.17, p = .143. The LM6-type exam-
problem scores for analysts of incorrect work had an adjusted mean of 90.56, while the scores for 
analysts of correct work had an adjusted mean of 87.19. This difference was not statistically 
significant.  Specifically, after accounting for prior knowledge, only 1.4% of the variance in 
LM6-type exam-problem scores was explained by the type of the work analyzed. 
Abilities to solve problems similar to Learning Module 7. Learning Module 7 (LM7) 
presented a problem involving finding the indefinite integral of a rational expression with a 
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single-term denominator. Specifically, LM7 read, “Find the indefinite integral ∫
     
  
  .” The 
students who analyzed correct work samples saw this problem worked successfully two different 
ways. The first avatar showed how the integrand, by the distributive property, is equivalent to 
   
  
 
 
  
, which is equivalent to       . The correct solution then showed how the power rule 
for integration yields the indefinite integral    
 
 
  . The second avatar showed a valid but 
nontraditional solution method for solving this problem by comparing the integrand to the 
quotient rule for differentiation. Because the integrand’s denominator is   , the character 
supposed that the denominator of the answer would be x, based on knowledge of the quotient 
rule. Based on that assumption and knowledge of the structure of the quotient rule’s numerator, 
the character determined the numerator of the antiderivative had a linear term of negative four 
and that its derivative had to be linear, and consequently, called it      . Algebra then 
revealed that     and that the indefinite integral is 
     
 
  . 
 In contrast, the participants who analyzed incorrect work samples saw this very problem 
worked incorrectly in two different ways. The first avatar in the incorrect LM7 made the illegal 
cancel error by simultaneously marking through the x squared in the numerator and the x squared 
in the denominator. The integrand then became three plus four, or seven, yielding the incorrect 
answer of     . The second avatar to make an error on this problem erroneously attempted to 
use term-by-term integration although the integrand was not written as terms. Particularly, this 
character used the power rule to find the antiderivatives of the numerator and the denominator, 
connecting them with division. This incorrect answer simplified to 
 (    )
  
  . After the 
participants saw these learning modules, this type of problem appeared once on Exam 4 and once 
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on the final exam. Responses to each of these exam problems were scored on six-point rubrics, 
and the inter-rater reliability was found to be Kappa = .94 (Randolph, 2008), which was 
indicative of almost perfect agreement between raters (Landis & Koch, 1977). Then, those scores 
were converted to percentages. Any participants who failed to complete Learning Module 7 were 
coded as missing so as not to affect the outcome of the statistical test.  
 On the pre-test, the task that was most closely tied to this problem type was the one 
asking participants to rewrite 
     
  
 so that it is a sum of terms. Although this task did not require 
knowledge of integrals, it is essential to success term-by-term integration.  Therefore, the 
covariate for this statistical test was prior knowledge measured by the number of points scored 
on this pre-test question, according to a six-point rubric.  
The descriptive statistics comparing the two groups are shown in Table 19. The students 
who analyzed incorrect work earned more points (62% of possible points) when finding 
indefinite integrals of rational expressions on exams than the students who analyzed correct work 
(60% of possible points), despite the fact that the participants who analyzed correct work had 
higher scores on the associated pre-test question.  
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Table 19. Pre-Test and Exam Problems Similar to LM7: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Scores 
(6 points possible) 
N 88 84 172 
M 2.50 2.40 2.45 
SD 2.51 2.43 2.46 
Similar Exam Problem Scores 
(as percents) 
N 77 76 153 
M 60.34 61.91 61.12 
SD 26.83 27.01 26.84 
 
 
Scores on the related pre-test problem were significantly related to LM7-type exam-
problem scores, F(1, 143) = 4.98, p = .027, with 3.4% of the variance in the LM7-type exam-
problem scores being explained by the pre-test scores. The difference between LM7-type exam-
question scores for analysts of correct work and analysts of incorrect work was not statistically 
significant after controlling for pre-test scores; F(1, 143) = 0.09, p = .765. The LM7-type exam-
problem scores for analysts of incorrect work had an adjusted mean of 62.63, while the scores for 
analysts of correct work had an adjusted mean of 61.34. This difference was not statistically 
significant.  Specifically, after accounting for prior knowledge, only 0.1% of the variance in 
LM7-type exam-problem scores was explained by the type of the work analyzed. 
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 Abilities to solve problems similar to Learning Module 8. Learning Module 8 (LM8) 
presented a word problem which required integration and algebra to find an unknown function 
for population growth. In particular, the problem was as follows: 
When you created your rooftop garden, you added three and three fourths ounces of earth 
worms. Your worm population has been increasing at a rate of   
 
 
 
 ounces per year, 
where   represents the age of your garden in years. Find a function that tells how many 
ounces of worms there are in your garden at time  . Also find how many ounces of 
worms there would be at exactly three years. 
 
The students who analyzed correct work samples saw two valid solutions, one that was 
traditional and one that was non-traditional. The first avatar presented the solution that was 
consistent with how had been shown in lecture. It began by setting   equal to 
 
 
 , and 
determining that    should be 
 
 
  . After manipulating the constant multiples, the integral was 
rewritten as 
 
 
∫     , which was then integrated to become 
 
 
    , or 
 
 
 
 
 
   . After that, the 
  and      values (   
 
 
) were substituted into the equation      
 
 
 
 
 
    in order to solve 
for  . The function was found to be      
 
 
 
 
 
   , and this equation was used to determine 
that there would be approximately 56 ounces of worms at the three-year point. 
 The second valid solution method to this problem did not use  -substitution and also 
approached the manipulation of the constant multiples in a different manner. The avatar set the 
integrand equal to   
 
 
   , where    , and then let   be 
 
 
 and determined that  would 
be 
 
 
. After rewriting   
 
 
 
 as 
 
 
 [ 
 
 
  
 
 
]   , the avatar recognized that the part in brackets 
looked like a chain-rule derivative and that zero was the derivative of a constant term. Therefore, 
without using the integral sign, the character deduced that if       
 
 
 [ 
 
 
  
 
 
]   , then 
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   . The next steps, plugging in the   and      values to find   and evaluating at 
   , were the same as shown in the first valid work sample. 
 The participants who analyzed incorrect work saw this same problem worked incorrectly 
two different ways. The first incorrect work sample showed an error in the last few steps. The 
avatar had correctly arrived at the indefinite integral 
 
 
 
 
 
   , but instead of plugging in the   
and      values to find  , the character used the      value as   and arrived at the incorrect 
function      
 
 
 
 
 
  
  
 
 and an incorrect value of 57.71 ounces of worms corresponding to 
year three. In the second incorrect work sample, the error was in the integration step. After using 
 -substitution properly and arriving at 
 
 
∫     , this avatar tried to use the power rule for 
integration even though it was not in power function form. Of course, the incorrect integral 
 
 
 
    
   
   led this student to an incorrect function,      
  
 
 
   
 (
 
 
   )
  , and an incorrect 
prediction for the weight of worms present at three years to be 33.12 ounces. Each student’s 
solution was rated according to an eight-point rubric, and the inter-rater reliability was found to 
be Kappa = .84 (Randolph, 2008), which was indicative of almost perfect agreement between 
raters (Landis & Koch, 1977). 
Two pre-test questions were related to the problem and solutions presented in Learning 
Module 8. One question, number eight on the pre-test, focused on the algebraic manipulation of 
constant multiples, particularly, “If     and   
 
 
, then what is ?” The other, number nine 
on the pre-test, focused on plugging in an initial condition to solve for a constant term  , 
particularly, “If            and       , then what is  ?” The covariates for this 
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statistical test were prior knowledge measured by the number of points scored on these pre-test 
questions, according to six-point rubrics. 
The descriptive statistics comparing the two groups are shown in Table 20. The students 
who analyzed correct work earned more points (46% of possible points) when solving these 
types of word problems on exams than the students who analyzed incorrect work (42% of 
possible points). Similarly, the participants who analyzed correct work had higher scores on both 
associated pre-test questions.  
 
Table 20. Pre-Test and Exam Problems Similar to LM8: Descriptive Statistics 
Assigned Group  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Number 8 
(6 points possible) 
N 88 84 172 
M 5.05 4.52 4.79 
SD 1.63 2.13 1.90 
Pre-test Problem N 88 84 172 
Number 9 M 3.52 3.35 3.44 
(6 points possible) SD 2.76 2.66 2.71 
Similar Exam Problem Scores 
(as percents) 
N 76 57 133 
M 45.97 41.78 44.17 
SD 28.00 30.92 29.25 
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Neither the pre-test’s number eight, F(1, 124) = 0.28, p = .596, nor the pre-test’s number 
nine, F(1, 124) = 0.44, p = .510, were significantly related to LM8-type exam-problem scores, 
with only 0.2% and 0.4%, respectively, of the variance in the exam-problem scores being 
accounted for by pre-test scores. The difference between LM8-type exam-question scores for 
analysts of correct work and analysts of incorrect work was not statistically significant after 
controlling for pre-test scores; F(1, 124) = 0.35, p = .554. The LM8-type exam-problem scores 
for analysts of incorrect work had an adjusted mean of 42.15, while the scores for analysts of 
correct work had an adjusted mean of 45.30. This difference was not statistically significant.  
Specifically, after accounting for prior knowledge, only 0.3% of the variance in LM8-type exam-
problem scores was explained by the type of work analyzed. 
Abilities to solve similar problems, overall. To analyze how these learning modules 
impacted participants’ abilities to solve problems that were particularly similar to those presented 
as work samples in the learning modules, Table 21 below presents a summary of the findings 
organized by learning module. 
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Table 21. Results of ANCOVAs: p-Values and Adjusted Means 
Learning 
Module 
Problem Type p-value 
Adjusted Mean of Percent of Points 
Group: Analyzed 
Correct 
Group: Analyzed 
Incorrect 
LM1 Finding Limit .143 94.68 91.87 
LM2 Limit Definition .935 86.07 86.35 
LM3 Intervals Continuity .455 84.80 87.00 
LM4 Product Rule .428 76.40 73.85 
LM5 Quotient Rule .939 84.46 84.72 
LM6 Relative Extrema .143 87.19 90.56 
LM7 Indefinite Integral .765 61.34 62.63 
LM8 Word Problem .554 45.30 42.15 
Mean  .367 78.35 79.92 
 
 
Although no differences were significant, one can see the order of the adjusted scores 
varied by learning module. For example, in LM1, the group who analyzed correct work scored 
higher, but in LM2, the group who analyzed incorrect work scores higher. In the analysis of the 
mean scores, the group of participants who analyzed incorrect work samples had a higher 
adjusted score. One, therefore, may expect to see a similar order for each of the learning 
modules; however, only five of the eight learning modules have similarly ordered adjusted mean 
scores. Because of this observable variation in the ordering of the adjusted means, there is reason 
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to suspect that one learning module may impact students differently than another learning 
module. Thus, the data was converted in order to list each participant eight times, once for each 
learning module.  
The descriptive statistics comparing the two groups are shown in Table 22. The students 
who analyzed incorrect work earned slightly more points (78% of possible points) when solving 
these types of word problems on exams than the students who analyzed incorrect work (78% of 
possible points), despite the fact that the participants who analyzed correct work had higher 
scores on associated pre-test questions.  
 
Table 22. Pre-Test and Exam Problems: Descriptive Statistics 
Assigned Group  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Problem Scores 
(6 points possible) 
N 704 672 1376 
M 4.00 3.90 3.95 
SD 2.20 2.17 2.19 
Similar Exam Problem Scores 
(as percents) 
N 684 619 1303 
M 78.00 78.41 78.20 
SD 26.27 25.55 25.92 
 
 
Pre-test scores were significantly related to exam-problem scores, F(1, 1244) = 50.05, p = 
.000, with 3.9% of the variance in the exam-problem scores being accounted for by the pre-test 
scores. The difference between exam-question scores for analysts of correct work and for 
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analysts of incorrect work was not statistically significant after controlling for pre-test scores; 
F(1, 1244) = 0.14, p = .713. The exam-problem scores for analysts of incorrect work had an 
adjusted mean of 78.96, while the scores for analysts of correct work had an adjusted mean of 
78.43. This difference was not statistically significant. Specifically, after accounting for prior 
knowledge, 0.0% of the variance in exam-problem scores was explained by the type of work 
analyzed. 
Replication of errors. Throughout the semester, nine common errors were seen in the 
incorrect work samples, and Research Question 3 asks what difference, if any, exists between 
groups in the replication of these errors. To detect if seeing these errors had any influence on 
participants’ tendencies to make these errors, all exam problems (from Exam 1, Exam 2, Exam 3, 
Exam 4, and the final exam) which provided opportunities to make these errors were examined. 
The responses to these problems were coded dichotomously, with a 0 for reaching the place 
where the error could have occurred and not making the error, and with a 1 for making the error. 
If a participant did not reach the place where the error could have occurred, the response was 
coded as missing so as not to affect the outcome of the statistical test.  
 Once again, the assumptions underlying the analysis of covariance (ANCOVA) were 
considered, and the results of these tests are provided in Table 23. 
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Table 23. Results of Assumption Tests for Research Question 3 
 Shapiro Wilk Test for 
Normality 
Levene’s Test for 
Homogeneity of Variance 
Homogeneity of 
Regression 
Mean W(172) = 0.91, p = .000 F(1, 170) = 1.36, p = .246 F(1, 168) = 0.71, p = .400 
Error 1  W(162) = 0.77, p = .000 F(1, 160) = 6.69, p = .011 F(1, 158) = 0.24, p = .238 
Error 2  W(153) = 0.36, p = .000 F(1, 151) = 5.33, p = .022 F(1, 149) = 0.13, p = .719 
Error 3  W(166) = 0.79, p = .000 F(1, 164) = 0.02, p = .893 F(1, 162) = 2.90, p = .091 
Error 4  W(129) = 0.43, p = .000 F(1, 127) = 0.63, p = .428 F(1, 125) = 2.23, p = .138 
Error 5  W(157) = 0.45, p = .000 F(1, 155) = 7.98, p = .005 F(1, 153) = 0.01, p = .938 
Error 6  W(145) = 0.60, p = .000 F(1, 144) = 6.90, p = .010  
Error 7  W(140) = 0.18, p = .000 F(1, 138) = 0.59, p = .445 F(1, 136) = 0.05, p = .821 
Error 8  W(106) = 0.81, p = .000 F(1, 104) = 0.02, p = .903 F(1, 102) = 0.02, p = .900 
Error 9  W(120) = 0.35, p = .000 F(1, 118) = 3.78, p = .054  
Errors 
1-7 
W(1051) = 0.47, p = .000 F(1, 1049) = 13.04, p = .000 F(1, 1047) = 4.51, p = .034 
 
 
Table 23 reveals that normality was rejected with the Shapiro-Wilk tests and that homogeneity of 
variance was rejected with some of the error types. However, analysis of covariance (ANCOVA) 
is, in general, robust except for extreme violations of homogeneity of regression (Hamilton, 
1977; Wu, 1984). Therefore, because homogeneity of regression slopes was confirmed in most 
cases and was only mildly violated in one case, the ANCOVAs were performed despite the 
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violations of normality and of homogeneity of variance. In Table 23, there were two instances in 
which the homogeneity of regression test was not conducted. For instance, because only two 
people (one person from each assigned group) made Error 6 on the pre-test, there were not 
enough degrees of freedom to use an analysis of variance to test homogeneity of regression 
slopes; however, this balance between the two groups supports the assumption that regression 
slopes are similar. Therefore, because homogeneity of regression slopes was confirmed, the 
ANCOVA was performed despite the violations of normality and equal variances. Also, for 
Error 9, there was no associated pre-test question; therefore, there was no associated 
homogeneity of regression test, and an ANOVA was conducted rather than ANCOVA. 
Replication of errors, mean. For each participant, the mean number of errors similar to 
the learning module errors that the participant made on the exams was calculated, yielding a ratio 
of errors made compared to the total number of errors possible. For example, if the mean for a 
participant was 0.12, the participant made the error 12% of the opportunities to make the error. 
The descriptive statistics comparing the two groups are shown in Table 24. From this table, one 
can deduce that the frequency (8%) of errors was similar for both groups, despite the fact that the 
participants who analyzed incorrect work samples exhibited a prior tendency to make these 
errors on the pre-test (26% of the time) higher than that of the other group (24% of the time).  
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Table 24. Pre-Test and Exam Error Rates: Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates 
N 88 84 172 
M .24 .26 .25 
SD .18 .18 .18 
Exam Error Rates 
N 94 87 181 
M .08 .08 .08 
SD .06 .05 .06 
 
 
Error rates on pre-tests were significantly related to error rates on exams; F(1, 169) = 
113.79, p = .000. Specifically, 40.2% of the variance in exam error rates was accounted for by 
pre-test error rates. The error rate for students who analyzed correct work samples vs. those who 
analyzed incorrect work samples, as the ANCOVA revealed, was not significantly different after 
controlling for pre-test error rates; F(1, 169) = 2.41, p = .123. When adjusted to account for 
differences in pre-test error rates, the participants who analyzed incorrect work samples made the 
errors 7.3% of the time, while the participants who analyzed correct work made the errors 8.3% 
of the time, which was not a significant difference.  Specifically, after accounting for prior 
tendencies for errors, only 1.4% of the variance in the exam error rates was explained by the type 
of work analyzed. 
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Illegal cancel error. The illegal cancel error is the cancellation of terms instead of factors 
in the simplification of a rational expression. In Learning Module 1, this error was shown in 
association with a direct-substitution limit problem, and in Learning Module 7, this error was 
shown in association with finding an indefinite integral, but there were other types of problems 
where participants could have made this type of error. For example, some participants illegally 
cancelled terms while finding a derivative using the limit definition, and others illegally 
cancelled terms while using the quotient rule for finding derivatives. From the exams, 21 
problems (4 from Exam 1, 2 from Exam 2, 3 from Exam 3, 2 from Exam 4, and 10 from the final 
exam) were examined for occurrence of this error, and from the pre-test, two problems offered 
the opportunity to make this error and thus were examined. Descriptive statistics of the two 
groups are compared in Table 25, below. The students who analyzed incorrect samples made the 
illegal cancel error with a higher frequency (4% of the time) than the students who analyzed 
correct samples (2% of the time), despite the fact that those who analyzed correct work exhibited 
a prior tendency to make the illegal cancel error on the pre-test (16% of the time) higher than 
those of the other group (14% of the time).  
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Table 25. Pre-Test and Exam Error Rates (Illegal Cancel): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Error 1) 
N 82 82 164 
M .16 .14 .15 
SD .28 .29 .28 
Exam Error Rates (Error 1) 
N 92 87 179 
M .02 .04 .03 
SD .04 .07 .05 
 
 
Illegal cancellation rates on pre-tests were significantly related to illegal cancellation 
rates on exams; F(1, 159) = 4.64, p = .033. Specifically, 2.8% of the variance in exam illegal 
cancel rates was accounted for by pre-test illegal cancel rates. With respect to the illegal cancel 
error, the error rate for students who analyzed correct work samples vs. those who analyzed 
incorrect work samples, as the ANCOVA revealed, was not significantly different after 
controlling for pre-test error rates for illegal cancellation; F(1, 159) = 1.13, p = .289. When 
adjusted to account for differences in pre-test error rates, the participants who analyzed incorrect 
work samples made the illegal cancel error 3.3% of the time, while the participants who analyzed 
correct work made it 2.5% of the time, which was not a significant difference. Specifically, after 
accounting for prior tendencies, only 0.7% of the variance in the exam illegal cancel error rates 
was explained by the type of the work analyzed.  
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The          error. The          error is the use of          instead of          
in the limit definition of the derivative. Only two exam problems (one from Exam 1, and one 
from the final exam) were examined for occurrence of this error. One pre-test problem provided 
participants the opportunity to commit this error and was, therefore, examined for occurrence of 
this error. Descriptive statistics for the two groups are compared in Table 26, below. The 
students who analyzed correct samples made the          error with a higher frequency on 
exams (6% of the time) than those who analyzed incorrect samples (2% of the time). Similarly, 
on the pre-test, those who analyzed correct work samples made this error more often (32% of the 
time) than those of the other group (23% of the time).  
 
 
Table 26. Pre-Test and Exam Error Rates (      ): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Error 2) 
N 81 79 160 
M .32 .23 .28 
SD .47 .42 .45 
Exam Error Rates (Error 2) 
N 88 81 169 
M .06 .02 .04 
SD .20 .12 .17 
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The          error rates on pre-tests were not significantly related to          error 
rates on exams; F(1, 150) = 1.80, p = .181. Specifically, 1.2% of the variance in exam          
error rates was accounted for by pre-test          error rates. With respect to the          
error, the error rate for students who analyzed correct work vs. those who analyzed incorrect 
work, as the ANCOVA revealed, was not significantly different after controlling for pre-test 
error rates for the          error; F(1, 150) = 1.98, p = .162. When adjusted to account for 
differences in pre-test error rates, the participants who analyzed incorrect work made the 
         error 1.8% of the time, while the participants who analyzed correct work made it 
5.3% of the time, which was not a significant difference. Specifically, after accounting for prior 
tendencies, only 1.3% of the variance in the exam          error rates was explained by the 
type of the work analyzed. 
Plus or minus error. The plus or minus error is the omission of the negative solution 
when solving a quadratic equation with no linear term. There were several different types of 
problems where this error could have been committed by students. For example, when finding 
critical values and when the derivative was a quadratic equation with no linear term, this error 
was possible. From the exams, 10 problems (two from Exam 1, five from Exam 2, and three 
from the final exam) were examined for occurrence of this error, and from the pre-test, one 
problem was examined for occurrence of this error. Descriptive statistics of the two groups are 
compared in Table 27, below. The students who analyzed correct samples and the students who 
analyzed incorrect samples made the plus or minus error with approximately the same frequency 
(8% of the time), despite the fact that those who analyzed incorrect work exhibited a prior 
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tendency to make this error on the pre-test (50% of the time) higher than that of the other group 
(36% of the time).  
 
Table 27. Pre-Test and Exam Error Rates (Plus or Minus): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Error 3) 
N 88 84 172 
M .36 .50 .43 
SD .48 .50 .50 
Exam Error Rates (Error 3) 
N 90 83 173 
M .08 .08 .08 
SD .13 .14 .13 
 
 
The plus or minus error rates on pre-tests were significantly related to              error rates 
on exams; F(1, 163) = 10.03, p = .002. Specifically, 5.8% of the variance in exam plus or minus 
error rates was accounted for by pre-test plus or minus error rates. With respect to the plus or 
minus error, the error rate for students who analyzed correct work vs. those who analyzed 
incorrect work, as the ANCOVA revealed, was not significantly different after controlling for 
pre-test error rates for the plus or minus error; F(1, 163) = 1.17, p = .280. When adjusted to 
account for differences in pre-test error rates, the participants who analyzed incorrect work made 
the plus or minus error 6.2% of the time, while the participants who analyzed correct work made 
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it 8.2% of the time, which was not a significant difference. Specifically, after accounting for 
prior tendencies, only 0.7% of the variance in the exam plus or minus error rates was explained 
by the type of the work analyzed. 
Exponent rule error. The exponent rule error is the multiplication of exponents instead 
of adding exponents when multiplying factors that have the same base. There were two exam 
problems where this error could have been committed by students (one from Exam 2 and one 
from the final exam). These two exam problems were examined for occurrence of the exponent 
rule error. From the pre-test, one problem offered the opportunity to make this error and was, 
therefore, examined. Descriptive statistics of the two groups are compared in Table 28, below. 
The students who analyzed correct samples made the exponent rule error more often (7% of the 
time) than the students who analyzed incorrect work (6% of the time). Similarly, on the pre-test, 
those who analyzed correct work exhibited a prior tendency to make this error (44% of the time) 
higher than those in the other group (41% of the time).   
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Table 28. Pre-Test and Exam Error Rates (Exponent Rule): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Error 4) 
N 77 71 148 
M .44 .41 .43 
SD .50 .50 .50 
Exam Error Rates (Error 4) 
N 78 78 156 
M .07 .06 .07 
SD .21 .19 .20 
 
 
The exponent rule error rates on pre-tests were not significantly related to exponent rule 
error rates on exams; F(1, 126) = 0.00, p = .991. Specifically, 0% of the variance in exam 
exponent rule error rates was accounted for by pre-test exponent rule error rates. With respect to 
the exponent rule error, the error rate for students who analyzed correct work vs. those who 
analyzed incorrect work, as the ANCOVA revealed, was not significantly different after 
controlling for pre-test error rates for the exponent rule error; F(1, 126) = 0.14, p = .705. When 
adjusted to account for differences in pre-test error rates, the participants who analyzed incorrect 
work made the exponent rule error 7.0% of the time, while the participants who analyzed correct 
work made it 8.5% of the time, which was not a significant difference. Specifically, after 
accounting for prior tendencies, only 0.1% of the variance in the exam exponent rule error rates 
was explained by the type of the work analyzed. 
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Quotient rule error. The quotient rule error is the differentiation of the numerator and 
denominator separately instead of using the quotient rule for differentiation. There were seven 
exam problems where this error could have been committed by students (three from Exam 2, two 
from Exam 3, and two from the final exam). These were examined for occurrence of the quotient 
rule error. From the pre-test, one problem offered the opportunity to make the quotient rule error 
and was, therefore, examined. Descriptive statistics of the two groups are compared in Table 29, 
below. The students who analyzed correct samples made the quotient rule error more often (5% 
of the time) than the students who analyzed incorrect samples (3% of the time), despite the fact 
that those who analyzed incorrect work exhibited a prior tendency to make this error on the pre-
test (37% of the time) higher than those in the other group (28% of the time). 
 
 
Table 29. Pre-Test and Exam Error Rates (Quotient Rule): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Error 5) 
N 87 81 168 
M .28 .37 .32 
SD .45 .49 .47 
Exam Error Rates (Error 5) 
N 89 79 168 
M .05 .03 .04 
SD .14 .08 .12 
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The quotient rule error rates on pre-tests were not significantly related to quotient rule error rates 
on exams; F(1, 154) = 0.26, p = .614. Specifically, 0.2% of the variance in exam quotient rule 
error rates was accounted for by pre-test quotient rule error rates. With respect to the quotient 
rule error, the error rate for students who analyzed correct work vs. those who analyzed incorrect 
work, as the ANCOVA revealed, was not significantly different after controlling for pre-test 
error rates for the quotient rule error; F(1, 154) = 2.12, p = .147. When adjusted to account for 
differences in pre-test error rates, the participants who analyzed incorrect work made the quotient 
rule error 2.2% of the time, while the participants who analyzed correct work made it 5.0% of the 
time, which was not a significant difference. Specifically, after accounting for prior tendencies, 
only 1.4% of the variance in the exam quotient rule error rates was explained by the type of the 
work analyzed. 
Ordered pair error. The ordered pair error is using the equation of the first derivative of 
     to find the      value in an ordered pair. This error could have occurred when the students 
were finding relative extrema, absolute extrema, or inflection points on exams. There were seven 
such exam problems (two from Exam 2, two from Exam 3, and three from the final exam). These 
problems were examined for occurrence of the ordered pair error. From the pre-test, one problem 
offered an opportunity to make this error and was, therefore, examined. Descriptive statistics of 
the two groups are compared in Table 30, below. The students who analyzed correct work made 
the ordered pair error more often (8% of the time) than those who analyzed incorrect work (4% 
of the time), despite the fact that both groups exhibited a similar prior tendency to make this 
error on the pre-test (1% of the time).  
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Table 30. Pre-Test and Exam Error Rates (Ordered Pair): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Error 6) 
N 87 78 165 
M .01 .01 .01 
SD .11 .11 .11 
Exam Error Rates (Error 6) 
N 84 74 158 
M .08 .04 .06 
SD .16 .10 .13 
 
 
The ordered pair error rates on pre-tests were not significantly related to ordered pair 
error rates on exams; F(1, 143) = 0.10, p = .754. Specifically, 0.1% of the variance in exam 
ordered pair error rates was accounted for by pre-test ordered pair error rates. With respect to the 
ordered pair error, the error rate for students who analyzed correct work vs. those who analyzed 
incorrect work, as the ANCOVA revealed, was not significantly different after controlling for 
pre-test error rates for the ordered pair error; F(1, 143) = 2.58, p = .110. When adjusted to 
account for differences in pre-test error rates, the participants who analyzed incorrect work made 
the ordered pair error 4.3% of the time, while the participants who analyzed correct work made it 
7.9% of the time, which was not a significant difference. Specifically, after accounting for prior 
tendencies, only 1.8% of the variance in the exam ordered pair error rates was explained by the 
type of the work analyzed. 
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Quotient integration error. The quotient integration error is the integration of a rational 
function’s numerator and denominator separately instead of rewriting as a sum of terms to use 
the power rule for integration. There were four exam problems where this error could have been 
committed (two from Exam 4 and two from the final exam). These problems were examined for 
occurrence of this error. From the pre-test, two problems offered the opportunity to make the 
quotient integration error and were examined. Descriptive statistics of the two groups are 
compared in Table 31, below. The students who analyzed correct work made the quotient 
integration error with approximately the same frequency as those who analyzed incorrect work 
(1% of the time), despite the fact that those who analyzed correct work exhibited a prior 
tendency to make this error on the pre-test (16% of the time) higher than those in the other group 
(14% of the time).  
 
 
Table 31. Pre-Test and Exam Error Rates (Quotient Integration): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Error 7) 
N 82 82 164 
M .16 .14 .15 
SD .28 .29 .28 
Exam Error Rates (Error 7) 
N 77 76 153 
M .01 .01 .01 
SD .09 .05 .07 
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The quotient integration error rates on pre-tests were not significantly related to quotient 
integration error rates on exams; F(1, 137) = 0.01, p = .932. Specifically, 0.0% of the variance in 
exam quotient integration error rates was accounted for by pre-test quotient integration error 
rates. With respect to the quotient integration error, the error rate for students who analyzed 
correct work vs. those who analyzed incorrect work, as the ANCOVA revealed, was not 
significantly different after controlling for pre-test error rates for the quotient integration error; 
F(1, 137) = .13, p = .716. When adjusted to account for differences in pre-test error rates, the 
participants who analyzed incorrect work made the quotient integration error 1.0% of the time, 
while the participants who analyzed correct work made it 1.5% of the time, which was not a 
significant difference. Specifically, after accounting for prior tendencies, only 0.1% of the 
variance in the exam quotient integration error rates was explained by the type of the work 
analyzed. 
Plus   error. The plus   error is the using the      value that was given in the initial 
condition as the constant term   itself instead of using substitution to find the constant term  . 
There were two exam problems where the plus   error could have been committed (one from 
Exam 4, and one from the final exam). These problems were examined for occurrence of this 
error. From the pre-test, one problem provided the opportunity to make this error and was, 
therefore, examined. Descriptive statistics of the two groups are compared in Table 32, below. 
The students who analyzed incorrect work made the plus   error more frequently (43% of the 
time) than those who analyzed correct work (33% of the time), despite the fact that those in both 
groups exhibited a similar prior tendency to make this error on the pre-test (19% of the time).  
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Table 32. Pre-Test and Exam Error Rates (Plus  ): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Error 8) 
N 81 70 151 
M .19 .19 .19 
SD .39 .39 .39 
Exam Error Rates (Error 8) 
N 68 52 120 
M .33 .43 .38 
SD .44 .44 .44 
 
 
The plus   error rates on pre-tests were not significantly related to plus   error rates on 
exams; F(1, 103) = .06, p = .815. Specifically, 0.1% of the variance in exam plus   error rates 
was accounted for by pre-test plus   error rates. With respect to the plus   error, the error rate 
for students who analyzed correct work vs. those who analyzed incorrect work, as the ANCOVA 
revealed, was not significantly different after controlling for pre-test error rates for the plus   
error; F(1, 103) = 2.30, p = .133. When adjusted to account for differences in pre-test error rates, 
the participants who analyzed incorrect work made the plus   error 47.8% of the time, while the 
participants who analyzed correct work made it 34.4% of the time, which was not a significant 
difference. Specifically, after accounting for prior tendencies, only 2.2% of the variance in the 
exam plus   error rates was explained by the type of the work analyzed. 
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Power rule on exponential error. The power rule on exponential error is trying to use the 
power rule for integration on an exponential function composed with a polynomial function 
instead of using the chain, exponential, and power rules. There were two exam problems where 
the power rule on exponential error could have been committed (one from Exam 4 and one from 
the final exam). These problems were examined for occurrence of this error. No opportunities to 
make this error were provided on the pre-test because the pre-test was limited in scope to 
algebraic errors, rather than calculus errors. Descriptive statistics of the two groups are compared 
in Table 33, below. The students who analyzed incorrect work made the power rule on 
exponential error more frequently (26% of the time) than those who analyzed correct work (18% 
of the time).  
 
Table 33. Pre-Test and Exam Error Rates (Power Rule on Exponential): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Exam Error Rates (Error 9) 
N 71 49 120 
M .04 .08 .06 
SD .18 .26 .22 
 
 
With respect to the power rule on exponential error, the error rate for students who 
analyzed correct work vs. those who analyzed incorrect work, as the ANOVA revealed, was not 
significantly different; F(1, 118) = .96, p = .330. Participants who analyzed incorrect work made 
the power rule on exponential error 8.2% of the time, while the participants who analyzed correct 
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work made it 4.2% of the time, which is not a significant difference. Specifically, only 0.8% of 
the variance in the exam power rule on exponential error rates was explained by the type of the 
work analyzed. 
Replication of errors, overall. To analyze how these work sample analyses impacted 
participants’ tendencies to make common errors, Table 34 presents a summary of the findings, 
organized by error. 
 
Table 34. Results of Statistical Tests: p-Values and Adjusted Error Rates 
Error Type p-value 
Adjusted Error Rates 
Group: Analyzed 
Correct 
Group: Analyzed 
Incorrect 
Error 1 Illegal Cancel .289 2.5% 3.3% 
Error 2          .162 5.3% 1.8% 
Error 3 Plus or Minus .280 8.2% 6.2% 
Error 4 Exponent Rule .705 8.5% 7.0% 
Error 5 Quotient Rule .147 5.0% 2.2% 
Error 6 Ordered Pair .110 7.9% 4.3% 
Error 7 Quotient Integration .716 1.5% 1.0% 
Error 8 Plus   .133 34.4% 47.8% 
Error 9 
Power Rule on 
Exponential 
.330 4.2% 8.2% 
Mean  .123 8.3% 7.3% 
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Observable in Table 34 was a rationale for conducting an additional statistical test. First, 
although no differences were significant, the order of the adjusted scores varied by error type. 
For example, in the analysis of the mean error rates, the group of participants who analyzed 
correct work samples made the errors more frequently than the group who analyzed incorrect 
work. One, therefore, may expect a similar order for each error type; however, only six of the 
nine error types have similarly ordered adjusted mean scores. This observable variation in this 
ordering is reason to suspect that a student may be impacted by Learning Module 1 in a 
completely different way than that same student may be impacted by Learning Module 2, for 
instance. For this reason, each type of error could yield its own set of data. Thus, the data was 
reorganized so that each participant is listed nine times, once for each error type.  
A second observation is that errors associated with Learning Module 8, which are the 
plus   error and the power rule on exponential error, are two of the three error types that were 
committed more often by the students who had analyzed incorrect work samples. Because 
Learning Module 8 was considerably more difficult than the others (as evidenced by the 
percentages of points scored on those problem types, shown in Table 21), there is reason to 
investigate whether this difficulty level could be influencing group differences. This rationale is 
consistent with Vygotsky’s (1978) theory of the Zone of Proximal Development, which is 
between a student’s ability to learn independently and a student’s ability to learn with guidance. 
Therefore, the data in this additional analysis will only include Errors 1 through 7, which were of 
only of moderate difficulty, within reach of most students’ abilities.  
For this analysis of error rates for Errors 1 through 7, descriptive statistics of the two 
groups are compared in Table 35, below. The students who analyzed incorrect work made Errors 
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1 through 7 less frequently (4% of the time) than those who analyzed correct work (5% of the 
time), despite the fact that those who analyzed incorrect work had higher error rates on 
associated pre-test questions (26% of the time) than the other group (24% of the time).  
 
Table 35. Pre-Test and Exam Error Rates (Errors 1-7): Descriptive Statistics 
  
Analyzed Correct 
Samples 
Analyzed 
Incorrect Samples 
Total 
Pre-test Error Rates (Errors 1-7) 
N 583 556 1139 
M 24.36% 25.54% 24.93% 
SD 41.12% 42.29% 41.68% 
Exam Error Rates (Errors 1-7) 
N 598 558 1156 
M 5.38% 3.93% 4.68% 
SD 14.8% 11.67% 13.40% 
 
 
For Errors 1 through 7, which were the errors of moderate difficulty, error rates on pre-
tests were not significantly related to error rates on exams; F(1, 1048) = 3.42, p = .065. 
Specifically, 0.3% of the variance in these exam error rates was accounted for by similar pre-test 
error rates. With respect to these errors of moderate difficulty, the error rate for students who 
analyzed correct work vs. those who analyzed incorrect work, as the ANCOVA revealed, was 
significantly different after controlling for pre-test error rates; F(1, 1048) = 4.80, p = .029. When 
adjusted to account for differences in pre-test error rates, the participants who analyzed incorrect 
work made these errors 3.7% of the time, while the participants who analyzed correct work made 
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them 5.5% of the time, which was a significant difference. Specifically, after accounting for prior 
tendencies, only 0.5% of the variance in these exam error rates was explained by the type of the 
work analyzed. 
Perceptions of impact on learning. After each learning module, students were asked to 
rate, on a scale from one to five, the impact examining student work samples had on several 
aspects of their learning, with five as having a positive influence. The survey had an alpha 
coefficient of .96, suggesting that the survey items have relatively high internal consistency. 
Those who examined correct work samples consistently rated the learning modules as having 
greater impact than those who examine incorrect work samples. The means and standard 
deviations of these ratings are organized by learning module and by aspect in Table 36 below.  
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Table 36. Ratings of Impact on Learning: Means and Standard Deviations 
 Analyzed Correct Work Analyzed Incorrect Work 
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L
M
1
 M 
SD 
3.28 
1.18 
3.30 
1.13 
3.33 
1.23 
3.75 
1.11 
3.20 
1.21 
3.37 
1.05 
M 
SD 
3.19 
1.15 
3.28 
1.24 
3.31 
1.28 
3.47 
1.25 
3.15 
1.24 
3.27 
1.10 
L
M
2
 M 
SD 
3.38 
1.10 
3.49 
1.12 
3.57 
1.10 
3.65 
1.16 
3.36 
1.10 
3.49 
1.00 
M 
SD 
3.21 
1.19 
3.19 
1.16 
3.30 
1.21 
3.52 
1.13 
3.19 
1.22 
3.28 
1.06 
L
M
3
 M 
SD 
3.39 
1.24 
3.55 
1.17 
3.30 
1.21 
3.52 
1.25 
3.22 
1.25 
3.40 
1.14 
M 
SD 
3.10 
1.28 
3.14 
1.31 
3.16 
1.35 
3.41 
1.24 
3.10 
1.32 
3.19 
1.21 
L
M
4
 M 
SD 
3.33 
1.22 
3.46 
1.29 
3.41 
1.27 
3.50 
1.31 
3.13 
1.26 
3.37 
1.20 
M 
SD 
2.84 
1.34 
3.07 
1.36 
3.06 
1.39 
3.09 
1.46 
2.90 
1.32 
2.99 
1.30 
L
M
5
 M 
SD 
3.41 
1.32 
3.45 
1.33 
3.39 
1.29 
3.59 
1.30 
3.30 
1.36 
3.43 
1.25 
M 
SD 
3.21 
1.39 
3.27 
1.35 
3.18 
1.43 
3.37 
1.46 
3.17 
1.39 
3.24 
1.33 
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Table 36. Continued.    
 Analyzed Correct Work Analyzed Incorrect Work 
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L
M
6
 M 
SD 
3.69 
1.19 
3.73 
1.16 
3.72 
1.23 
3.69 
1.22 
3.57 
1.22 
3.68 
1.14 
M 
SD 
3.51 
1.36 
3.56 
1.43 
3.46 
1.40 
3.61 
1.42 
3.38 
1.44 
3.51 
1.33 
L
M
7
 M 
SD 
3.29 
1.28 
3.25 
1.32 
3.42 
1.27 
3.45 
1.24 
3.23 
1.33 
3.33 
1.21 
M 
SD 
3.23 
1.21 
3.31 
1.27 
3.16 
1.28 
3.36 
1.33 
3.07 
1.30 
3.22 
1.18 
L
M
8
 M 
SD 
3.05 
1.40 
2.95 
1.42 
3.00 
1.37 
3.17 
1.44 
2.87 
1.40 
3.00 
1.34 
M 
SD 
2.87 
1.43 
2.91 
1.41 
2.91 
1.46 
2.96 
1.39 
2.79 
1.44 
2.88 
1.37 
O
v
er
al
l M 
SD 
3.36 
1.24 
3.41 
1.25 
3.40 
1.25 
3.55 
1.25 
3.24 
1.27 
3.39 
1.17 
M 
SD 
3.15 
1.30 
3.23 
1.32 
3.20 
1.34 
3.36 
1.34 
3.10 
1.33 
3.21 
1.24 
 
 
 The results of an independent samples t-test indicated that overall, those who examined 
correct work samples ratings were significantly higher than those who examined incorrect work 
samples, suggesting these students felt that examining work samples positively impacted their 
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learning. (The necessary assumptions of normality of the data, random group assignment, 
homogeneity of variances, and the independence of samples were considered.) 
Also, independent-samples t-tests were conducted to compare the perceptions of impact 
on each of aspect of learning, and significant differences were discovered within all aspects 
except for attitudes, as shown in Table 37 below.  
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Table 37. Analysis of Student Perceptions of Impact, by Aspect of Learning 
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Understanding Underlying Concepts 
M 
SD 
3.36 
1.24 
3.15 
1.30 
t(1132) = 2.75, p = .006 
Using Rules and Procedures 
M 
SD 
3.41 
1.25 
3.23 
1.32 
t(1139) = 2.27, p = .015 
Using Strategies 
M 
SD 
3.40 
1.25 
3.20 
1.34 
t(1135) = 2.61, p = .015 
Communicating about Math 
M 
SD 
3.55 
1.25 
3.36 
1.34 
t(1114) = 2.56, p = .011 
Attitudes 
M 
SD 
3.24 
1.27 
3.10 
1.33 
t(1142) = 1.86, p = .064 
Overall Impact 
M 
SD 
3.39 
1.17 
3.21 
1.24 
t(1142) = 2.63, p = .009 
 
 
Because this Likert-type survey was administered with each of the eight learning 
modules, independent samples t-tests were run for each module to determine if there were 
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significant differences in perceptions of impact in any module in particular. While there was not 
a significant difference seen in any one learning module, as shown in Table 38, there were 
consistently higher ratings given by those who analyzed correct work, which resulted in a 
significant difference overall. 
 
Table 38. Ratings of Impact on Learning: Comparative Analyses, by LM 
 
Analyzed Correct 
Work 
Analyzed Incorrect 
Work 
Results of Independent 
Samples t-test 
LM1 M = 3.37, SD = 1.05 M = 3.27, SD = 1.10 t(160) = .57, p = .569 
LM2 M = 3.49, SD = 1.00 M = 3.28, SD = 1.06 t(142) = 1.21, p = .228 
LM3 M = 3.40, SD = 1.14 M = 3.19, SD = 1.21 t(144) = 1.08, p = .283 
LM4 M = 3.37, SD = 1.20 M = 2.99, SD = 1.30 t(144) = 1.82, p = .071 
LM5 M = 3.43, SD = 1.25 M = 3.24, SD = 1.33 t(149) = .87, p = .386 
LM6 M = 3.68, SD = 1.14 M = 3.51, SD = 1.33 t(140) = .82, p = .415 
LM7 M = 3.33, SD = 1.21 M = 3.22, SD = 1.18 t(135) = .54, p = .588 
LM8 M = 3.00, SD = 1.34 M = 2.88, SD = 1.37 t(114) = .48, p = .631 
All LMs M = 3.39, SD = 1.17 M = 3.21, SD = 1.24 t(1142) = 2.63, p = .009 
 
 
More in-depth analyses were conducted in regards to each of the aspects of learning, and the 
results are reported in the following section.  
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Analysis by aspect of learning. Tables 39 through 41 show the results of the 
independent samples t-test for each aspect of learning. Table 39 shows that although most 
learning modules were perceived to be equally helpful to all students’ understanding of 
underlying concepts, Learning Module 4, which focused on the product rule for differentiation 
and exponent rules, was perceived to be more helpful to conceptual understanding by students 
who analyzed correct work than by those who analyzed incorrect work. 
 
Table 39. Ratings of Impact on Understanding of Concepts: Comparative Analyses, by LM 
 
Analyzed Correct 
Work 
Analyzed Incorrect 
Work 
Results of Independent 
Samples t-test 
LM1 M = 3.28, SD = 1.18 M = 3.19, SD = 1.15 t(157) = .471, p = .638 
LM2 M = 3.38, SD = 1.10 M = 3.21, SD = 1.19 t(142) = .879, p = .381 
LM3 M = 3.39, SD = 1.24 M = 3.10, SD = 1.28 t(143) = 1.37, p = .173 
LM4 M = 3.33, SD = 1.22 M = 2.84, SD = 1.34 t(144) = 2.30, p = .023 
LM5 M = 3.41, SD = 1.32 M = 3.21, SD = 1.39 t(148) = .90, p = .372 
LM6 M = 3.69, SD = 1.19 M = 3.51, SD = 1.36 t(139) = .84, p = .400 
LM7 M = 3.29, SD = 1.28 M = 3.23, SD = 1.21 t(134) = .31, p = .755 
LM8 M = 3.05, SD = 1.40 M = 2.87, SD = 1.43 t(111) = .69, p = .495 
All LMs M = 3.36, SD = 1.24 M = 3.15, SD = 1.30 t(1132) = 2.75, p = .006 
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As shown in Tables 40 through 43, the t-test results did not reveal that a particular 
Learning Module had a more noticeable impact on using rules and procedures, on using 
strategies, or on communicating about math. However, when all the learning modules were 
combined, there was a significantly more positive impact on each of these aspects of learning for 
those who analyzed correct work samples. The only aspect that did not see a statistical different 
between groups was attitudes. 
 
Table 40. Ratings of Impact on Using Rules and Procedures: Comparative Analyses, by LM 
 
Analyzed Correct 
Work 
Analyzed Incorrect 
Work 
Results of Independent 
Samples t-test 
LM1 M = 3.30, SD = 1.13 M = 3.28, SD = 1.24 t(159) = .08, p = .936 
LM2 M = 3.49, SD = 1.12 M = 3.19, SD = 1.16 t(142) = 1.58, p = .117 
LM3 M = 3.55, SD = 1.17 M = 3.14, SD = 1.31 t(144) = 1.96, p = .052 
LM4 M = 3.46, SD = 1.29 M = 3.07, SD = 1.36 t(144) = 1.78, p = .078 
LM5 M = 3.45, SD = 1.33 M = 3.27, SD = 1.35 t(149) = .84, p = .405 
LM6 M = 3.73, SD = 1.16 M = 3.56, SD = 1.43 t(140) = .79, p = .434 
LM7 M = 3.25, SD = 1.32 M = 3.31, SD = 1.27 t(134) = -.25, p = .803 
LM8 M = 2.95, SD = 1.42 M = 2.91, SD = 1.41 t(113) = .16, p = .877 
All LMs M = 3.41, SD = 1.25 M = 3.23, SD = 1.32 t(1139) = 2.27, p = .015 
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Table 41. Ratings of Impact on Using Strategies: Comparative Analyses, by LM 
 
Analyzed Correct 
Work 
Analyzed Incorrect 
Work 
Results of Independent 
Samples t-test 
LM1 M = 3.33, SD = 1.23 M = 3.31, SD = 1.28 t(158) = .08, p = .940 
LM2 M = 3.57, SD = 1.10 M = 3.30, SD = 1.21 t(141) = 1.39, p = .168 
LM3 M = 3.30, SD = 1.21 M = 3.16, SD = 1.35 t(143) = .67, p = .501 
LM4 M = 3.41, SD = 1.27 M = 3.06, SD = 1.39 t(144) = 1.59, p = .113 
LM5 M = 3.39, SD = 1.29 M = 3.18, SD = 1.43 t(149) = .93, p = .356 
LM6 M = 3.72, SD = 1.23 M = 3.46, SD = 1.40 t(140) = 1.18, p = .240 
LM7 M = 3.42, SD = 1.27 M = 3.16, SD = 1.28 t(133) = 1.17, p = .243 
LM8 M = 3.00, SD = 1.37 M = 2.91, SD =1.46 t(113) = .34, p = .735 
All LMs M = 3.40, SD = 1.25 M = 3.20, SD = 1.34 t(1135) = 2.61, p = .015 
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Table 42. Ratings of Impact on Communicating about Math: Comparative Analyses, by LM 
 
Analyzed Correct 
Work 
Analyzed Incorrect 
Work 
Results of Independent 
Samples t-test 
LM1 M = 3.75, SD = 1.11 M = 3.47, SD = 1.25 t(160) = 1.51, p = .132 
LM2 M = 3.65, SD = 1.16 M = 3.52, SD = 1.13 t(142) = .66, p = .508 
LM3 M = 3.52, SD = 1.25 M = 3.41, SD = 1.24 t(144) = .55, p = .583 
LM4 M = 3.50, SD = 1.31 M = 3.09, SD = 1.46 t(144) = 1.81, p = .073 
LM5 M = 3.59, SD = 1.30 M = 3.37, SD = 1.46 t(149) = .99, p = .325 
LM6 M = 3.69, SD = 1.22 M = 3.61, SD = 1.42 t(139) = .35, p = .729 
LM7 M = 3.45, SD = 1.24 M = 3.36, SD = 1.33 t(135) = .39, p = .699 
LM8 M = 3.17, SD = 1.44 M = 2.96, SD = 1.39 t(114) = .77, p = .443 
All LMs M = 3.55, SD = 1.25 M = 3.36, SD = 1.34 t(1114) = 2.56, p = .011 
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Table 43. Ratings of Impact on Attitudes: Comparative Analyses, by LM 
 
Analyzed Correct 
Work 
Analyzed Incorrect 
Work 
Results of Independent 
Samples t-test 
LM1 M = 3.20, SD = 1.21 M = 3.15, SD = 1.24 t(160) = .25, p = .801 
LM2 M = 3.36, SD = 1.10 M = 3.19, SD = 1.22 t(142) = .88, p = .382 
LM3 M = 3.22, SD = 1.25 M = 3.10, SD = 1.32 t(144) = .56, p = .576 
LM4 M = 3.13, SD = 1.26 M = 2.70, SD = 1.32 t(144) = 1.09, p = .280 
LM5 M = 3.30, SD = 1.36 M = 3.17, SD = 1.39 t(149) = .58, p = .561 
LM6 M = 3.57, SD = 1.22 M = 3.38, SD = 1.44 t(140) = .83, p = .407 
LM7 M = 3.23, SD = 1.33 M = 3.07, SD = 1.30 t(135) = .72, p = .475 
LM8 M = 2.87, SD = 1.40 M = 2.79, SD = 1.44 t(114) = .31, p = .759 
All LMs M = 3.24, SD = 1.27 M = 3.10, SD = 1.33 t(1142) = 1.86, p = .064 
 
 
Discussion of Quantitative Analysis Results 
 The type of work analyzed (correct vs. incorrect) did not significantly influence final 
exam scores or abilities to correctly solve problems similar to those seen in the work samples. 
Although the correct work samples were perceived by students to be more beneficial to learning, 
analysts of incorrect work were less likely to commit the errors they had seen in work samples, 
as long as the work samples were not too difficult. This section will discuss these results in more 
detail. 
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Discussion of results regarding final exam scores. The type of work analyzed did not 
appear to have any impact on how their achievement improved over the semester, as determined 
by the analysis of final exam scores. This result seems reasonable because there were many other 
factors, such as lectures, in-class discussions, and homework assignments, which influenced both 
groups similarly. This being the case, what was the rationale for running this statistical test? 
Completing the learning modules might have influenced participants’ study patterns or habits of 
mind differently, thus indirectly affecting how they learned in other aspects of the course. This 
assumption is consistent with Mevarech and Kramarski’s (1997) ideas that the IMPROVE 
framework can prompt students to become better problem solvers by asking themselves 
analytical questions. The learning modules probably did impact students’ habits, but evidence 
did not reveal any differences in that impact between those who analyzed correct work and those 
who analyzed incorrect work.  
 Discussion of results regarding solving similar problems. When testing the 
assumptions underlying ANCOVA tests, there were a few instances in which statistically 
significant differences in variance were revealed. On one hand, these differences may have been 
due to chance. On the other hand, these statistical differences could be indicators that the 
learning modules are making some kind of unique impact on problem-solving. Although 
differences in scores were insignificant, the type of work analyzed could be influencing the 
measure of spread. More research could be done to determine if the type of work samples 
influence how students’ problem-solving abilities are distributed in the population. 
 One might expect scores on pre-test questions to be statistically significantly related to 
scores on the related exam questions; however, in half of the learning modules, there was no 
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such statistically significant relationship revealed. This could be due to the multi-step nature of 
the exam solutions. For example, solving an exam problem might have taken six steps; whereas, 
the associated pre-test question might have only assessed the participants’ abilities to carry out 
two of those six steps. Another explanation could involve the range of abilities with which 
students enter the course. The course is for non-math majors and is taught in such a way that 
almost any conscientious student has a chance at success. Therefore, some students enter the 
course with little mathematical expertise, thus scoring poorly on the pre-test, but show good 
study habits throughout the course and score well on the exams.  
 In summary, after accounting for pre-test data, there was no statistical significant 
difference detected between the two groups’ abilities to solve problems that were similar to those 
shown in the work samples. With some learning modules, analysts of incorrect showed better 
problem-solving skills, and with other learning modules, analysts of correct work showed better 
problem-solving skills. Moreover, in five of the eight learning modules, the higher performing 
group in pre-test scores was different from the higher performing group in exam-problem scores. 
Therefore, the statistically insignificant differences that exist between groups’ mean scores seem 
to be due to chance rather than to the correctness of the work samples provided. 
Discussion of results regarding replicating errors. When each error type was analyzed 
separately, there was not enough statistically significant evidence to conclude that having 
students analyze errors had any impact on the students’ tendencies to make those errors on 
exams. However, in the overall analysis, when the data was stacked into separate cases by error 
type and when the data related to Learning Module 8 was excluded due to its difficulty level, a 
statistical difference was detected in groups’ error rates. Specifically, when the participants 
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analyzed work, the students who had analyzed incorrect work were less likely to replicate the 
common errors they had seen. This finding is antithetical to what many teachers believe. Rather 
than avoiding discussion of errors for fear of students’ replication of those errors, teachers should 
ask students to analyze incorrect work. This type of analysis seems to deter students from 
making similar mistakes in their own problem-solving. 
 When the learning module presented a more difficult problem, the group who analyzed 
incorrect work replicated the errors at a slightly higher rate than the other group. This could be 
because many students might have not recognized the errors within the work samples. Research 
should be done to further investigate the relationship between complexity of the work samples 
analyzed and the effectiveness of work sample analysis on error rates.  
Discussion of results regarding students’ perceptions of impact on learning. 
Immediately after completing each learning module, each participant completed a Likert-type 
survey to rate how the work sample analysis had impacted their learning. The group differences 
in these perceptions were statistically significant more often when analyzing an accumulation of 
all learning modules than when considering the data collected from an isolated learning module. 
This trend is likely due to the increase in sample size when consolidating the survey results for 
all eight learning modules of the semester. In general, an increase in sample size increases the 
power of a statistical test, making it easier to obtain statistically significant results. Because the 
survey responses were submitted anonymously, each survey could not be organized by 
participant; therefore, each survey submission for each student was a separate datum, causing the 
sample size for the accumulated data to be approximately eight times as large as a sample from 
only one learning module.  
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Learning Module 4, which focused on the product rule for differentiation and exponent 
rules, was perceived to be significantly more helpful to the conceptual understanding of students 
who analyzed correct work than of those who analyzed incorrect work; this is intriguing because 
this particular learning module emphasized rules and procedures, such as exponent rules and 
differentiation rules, more than concepts. This peculiarity could indicate that students think of 
rules as integral to understanding.  In contrast, for Learning Module 4 there was not a statistical 
significant difference for impact on following rules and procedures. Therefore, this is possibly an 
indicator that analyzing an incorrect solution made students more aware of their own lack of 
conceptual understanding, whereas analyzing correct solutions did not reveal to the students their 
own lack of understanding. 
In the overall analyses, perception of positive impact on attitudes was the only aspect of 
learning that was not perceived differently by the two groups. While the ratings of impact on 
attitudes were still slightly lower among those who analyzed incorrect work, the difference was 
not significant. This suggests that analyzing incorrect work samples did not have an adverse 
impact on attitudes, possibly because seeing work where someone else made errors may make 
students feel better about their own abilities to do math by highlighting the facts that errors can 
be repaired and avoided, possibly making students feel more comfortable about doing math.  
Surprisingly, the significant results regarding perceptions of helpfulness seem to 
contradict the significant results regarding actual helpfulness regarding replication of errors. 
Students who analyzed incorrect work were less likely to repeat the errors they have seen; 
however, those same students did not perceive the work sample analyses to be as helpful to their 
learning as the other group did. This suggests that students are somewhat unaware of what helps 
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them learn; however, qualitative evidence provided further information about this disconnect 
between helpfulness to learning and perceptions of helpfulness to learning. 
Interview Analysis 
To provide a more robust understanding of the impact of work sample analysis on 
learning, semi-structured interviews were conducted with nine volunteers. Although purposive 
sampling was used to identify outliers, due to limited availability of student volunteers, non-
outliers were also interviewed. The interview protocol, which can be found in Appendix E, first 
asked students to describe their experiences when completing the learning modules and then 
asked students how those experiences might have impacted various aspects of their learning. 
Each 30-minute interview was transcribed and then all interviews were qualitatively analyzed 
using an inductive analysis approach (Hatch, 2002). This approach began with identifying frames 
of analysis to provide a structure for initial analysis. Then, the researcher developed domains by 
finding semantic relationships in the data, such as the ones Spradley described (1979). Through 
repeated data-readings, weak domains were abandoned, some domains were combined with 
other domains, and some domains emerged as salient. Also, further analysis was conducted 
within and between these domains, and themes were identified. 
Results of interview analysis. The first phase of inductive analysis identifies frames of 
analysis, which are often influenced by the purposes of the study (Hatch, 2002). After reading 
the data and considering that the overarching goal of this study was to investigate possible 
impact on learning these experiences made, the frames of analysis were (a) understanding 
underlying concepts, (b) using rules and procedures, (c) using strategies, (d) communicating 
about math, and (e) attitudes. These aspects are similar to the four elements of the IMPROVE 
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framework (Mevarech & Kramarski, 1997), but have been expanded to include attitudes and 
modified to emphasize conceptual understanding. These frames of analysis, which were also the 
five survey items in the quantitative part of this study, simply provided a backdrop for the next 
phase of the analysis, which was identifying domains. 
Domains were identified using semantic relationships, and most of the semantic 
relationships were cause-effect (Spradley, 1979) because the students were describing how the 
learning modules impacted their learning. The list of over 20 identified domains was further 
analyzed; some domains were abandoned, and some domains reached a point of saturation in the 
data. Thus, eight salient domains were identified: (a) student thinking, (b) asking Why?, (c) 
students’ seeking help, (d) students’ problem-solving, (e) students’ explaining, (f) predictability, 
(g) confidence in math, and (h) futility. To conduct an analysis within these domains, Marton’s 
phenomenographic research perspective of capability and constraint (1995, p. 171) was 
considered, and domains were viewed as either depictions of capability, such as experiences that 
positively impact learning, or depictions of constraints, experiences that inhibit learning. For 
example, confidence was categorized as a capability, rather than a constraint, because it is a 
positive impact on learning.  
Domains of analysis. After a master outline was created showing the relationships 
among domains and themes, as Hatch suggested (2002), because the outline showed that many of 
these domains occurred in multiple frames, these relationships were converted to a matrix-form, 
as shown in Table 44. The frames of analysis are cross-tabbed with the domains in this table, and 
the words constraint and capability indicate which domains were associated with which frames 
of analyses and how. Further explanation of these domains is provided in subsequent sections. 
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Table 44. Domains by Frames of Analysis 
 Frames of Analysis 
Understanding 
Underlying 
Concepts 
Using 
Rules and 
Procedures 
Using 
Strategies 
Talking 
about 
Math 
Attitudes 
D
o
m
ai
n
s 
Student Thinking Capability Capability Capability Capability  
Asking Why? Capability  Capability   
Student’s Seeking 
Help 
Capability Capability    
Students’ Problem-
Solving 
Capability Capability Capability   
Students’ 
Explaining 
Capability Capability Capability Capability  
Predictability (of 
Correct Work 
Samples) 
  Constraint  
Capability 
Constraint 
Confidence in Math    Capability Capability 
Feelings of Futility     Constraint 
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Work analyses’ influence on understanding underlying concepts. In the interviews, the 
students were reminded of the big ideas in calculus that underlie the rules; they were asked to 
describe how the learning modules might have related to their understanding of mathematical 
ideas or concepts. The capabilities that students then identified were student thinking, asking 
why, seeking help, independent problem-solving, and students’ explanations. Each of these is 
elaborated upon in the following paragraphs.  
Interviewees often said that completing the learning modules forced them to think. When 
asked specifically about impact on understanding the concepts, one student said, “Conceptual 
ideas in math are harder to grasp than just, like, learning the product rule and the quotient rule, 
per se, but it at least made you think about it.” This student indicated that conceptual 
understanding can be difficult, but that thinking about the concepts is a valuable practice. The 
work samples, both correct and incorrect types, seemed to encourage this type of beneficial 
student thought, according to student reports. While many students had acknowledged that the 
analyses made them think, some students provided more detail about how. In particular, they 
mentioned that the learning modules asked them why certain strategies worked. One student 
said, “A lot of times in math, you just want to say, Because I know it works. I know this formula 
works, and so that’s why I do it. …. It made me think more, about, like, why did I actually do 
this step.” She went on to say, “It was a good challenge because you can’t always just say, just 
because I know it’s right. You can’t always say that. It was good to think, Why did I do it that 
way?” This participant appreciated being forced to think about the rationale for the procedures 
and described how students often take the procedures for granted without questioning the 
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reasoning behind the procedures. This student also related the why questioning to seeing the “big 
picture,” which provides a vivid metaphor for understanding.  
When describing how the learning modules impacted understanding, some students 
described that they were prompted to seek out additional information or help. For example, one 
very inquisitive student described how she always wants to “get to the root” of the mathematics 
by asking her teachers, “Why are you doing this?” She reported that  
The learning modules … would remind me OK, Susan, there's a reason you're doing it 
this way, but they wouldn't, like, help me understand that. So, it at least put it in my head, 
and then, like, I could go to you or my T. A. and ask about it. So, it was good, and it was 
just on my part, as a student, to like figure out if I needed help learning that more. 
 
This learning module suggested to the student that it was the student’s responsibility to pursue 
understanding. The student indicates that she sought out further information because she had 
been asked for reasoning behind procedures, and this cause-effect relationship was significant of 
positive impact on learning. 
Several students who analyzed the incorrect work samples reported that they had to work 
the problem independently before comparing their own work to the avatar’s work, and one 
student connected this to understanding by indicating that conceptual errors were more likely to 
promote independent problem-solving. He said, “Unless I went through it thoroughly with my 
own thought process, it was hard to find a conceptual mistake just by looking at their work … 
without having to do it myself to figure out where they messed up.” This capability was present 
more often with students who had analyzed incorrect work than with students who had analyzed 
correct work. This was further described by this student as a positive impact on learning. 
Another capability-type domain of understanding concepts was students’ explanations. 
For example, one student, who had analyzed incorrect work, mentioned how the samples seemed 
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to be similar to the content from lecture but further described how they were more engaging than 
lecture.  
The learning modules were going over concepts that we were going over in class, so it 
really helped that we were practicing those, that we weren’t just, you know, being fed 
material so it was good practice to learn the concepts, and I guess the big idea, why we 
were learning calculus, why the things we use and why we use them. 
 
Regarding the concepts that underlie calculus, another student said, “I learned them in 
class when you taught them, but it did like reinforce it and give it more of, like, a repetition and 
instilled it more.” Although this student initially learned the concepts in lecture meetings, 
providing her own explanations in the learning modules strengthened the student’s 
understanding. Another student, who had analyzed correct work samples, mentioned alignment 
with class content but seemed to attribute her understanding to lecture more than to the learning 
modules. She said, “You couldn't really say whatever you wanted to say, and it had to follow 
what we were learning really, you know, all the principles.” She went on to tell a story of how 
she discovered that her understanding was closely tied to lecture material: 
I missed one class. Because I missed that one class, I was like, Oh my gosh, what's going 
on? So much that you had to really follow along with, you know, what you were 
teaching, or else, I felt, like, Oh no, (laugh) what's happening? But I just feel like it was 
so well-integrated into the work that you were doing that …, I was never like, This is 
profound, but I was never like, This doesn't make sense.  Mathematically it just made 
sense, and especially as you had explained it back.  
 
In the data excerpts above, one student, who had analyzed incorrect work samples, described it 
as active rather than passive learning, while the other student, who had analyzed correct work 
samples, described the learning modules as activities that simply aligned with and supplemented 
lecture.  
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One student mentioned that the learning modules simulated a real conversation with 
another calculus student and cited this interaction as a capability for understanding. She said, “I 
felt like at the end of the learning module, I really had, like, interacted with something, and it 
caused me to learn as opposed to just passively sitting in a lecture.” After describing this 
interaction as active, rather than passive, learning, she reported that “interaction with the learning 
modules helped me a lot with understanding.” In this situation, the work samples provided an 
opportunity for student engagement in learning, and interestingly, this data suggests that with 
some students, engagement is essential to understanding. 
Work analyses’ influence on using rules and procedures. In the interviews, the students 
were reminded about the rules of calculus, such as the product rule and the quotient rule, and 
were then asked to describe how the learning modules might have related to following rules of 
math. In the following paragraphs, details and data excerpts substantiate how students described 
each of the following domains within this frame: student thinking, student’s seeking help, 
independent problem-solving, and students’ explaining. 
There were many times interviewees, both those who had analyzed correct and incorrect 
work, mentioned that the learning modules made them think. For example, one student, who had 
analyzed correct work said, “You’d have to go and, like, check and see if there were exceptions 
to the rules, maybe. Sometimes I didn’t really know if there were exceptions or not, so I guess it 
kind of made me think about things.” Interestingly, this student seems to mention her own lack 
of knowledge about exceptions to the rules as if it were a good thing because it promoted deeper 
thinking.  
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Also, several students mentioned that completing the learning modules prompted them to 
seek out information from other resources, such as the book, the recitation leaders, the teacher, or 
the internet. One student said the learning modules “didn’t baby you” but guided students 
through the procedures. She explained that, “If you didn’t know one of those rules, it would go 
ahead and tell you … This is what you need to do.  This is the rule you need to be using and if 
you don’t know it, you need to look it up.” Another student, in the quote that follows, also 
mentioned whether or not the student was forced to think about the rules and to double-check 
rules in the textbook: 
If you understood it going into it, you’re not benefiting, but if you might’ve had questions 
about it when you started it, and had to think about it, and reflect, and really go to the 
book, and double-check, Am I doing this right?, then it would benefit.   
 
It is noteworthy that this student mentions thinking and reflection as valid learning sources in 
addition to mentioning concrete learning sources, such as the textbook.  
In addition to thinking about and reflecting on math, explaining math was also a task that 
promoted use of procedures. For example, one student said, “It wasn’t just, Oh, is this answer 
right or wrong? You had to explain it after each step, and you had to give advice.” The student’s 
description of how they provided an explanation after each step of the procedure shows how 
explanation of procedures can help students become familiar with rules and procedures. In 
addition, students were also required to explain how each step of a procedure was connected to 
the next. “You had to look at one step and see the next and … figure out what happened in 
between … and had to … pick up how to get from one step to the next.” This description 
emphasizes not only a series of steps to follow, but also the connections between those steps. 
Some students mentioned the immediate feedback from the avatars as a capability for connecting 
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steps. For example, “The avatars did explain, like, Allison used the quotient rule in this one.  So, 
that would help you confirm what happened.” At times when a student was unable to figure out 
what was happening in a work sample, he/she could listen to the avatars for help. If the avatars 
mentioned a rule, such as the quotient rule, then the student could connect the name of the rule to 
what it looked like in the work sample, thus helping student figure out the connections between 
steps.  
In many instances, students reported that they worked the problems themselves separately 
from the work sample. For at least one student, it was especially important to work the problems 
independently when dealing with incorrect work. He explained, he would “work out the problem, 
without looking at their work, because if I looked at their work, I would subconsciously 
incorporate their same mistakes.” If he got the same answer as the incorrect work sample, he 
reported he might have done “something stupid” or he might have committed the same error that 
was shown. To avoid this, he would “have to work out the problem on [his] own, without 
looking at the screen, and then compare.” This promotion of students’ independent problem-
solving reportedly helped their use of procedures. Another student also pointed out that 
independently working the problems was more important when analyzing incorrect work 
samples. “Especially ones where it was incorrect, you had to kind of like work through it 
yourself,” explained the student. “I think that helps because you had to remember the rules in 
order to apply it to the learning modules.”  
Work analyses’ influence on using strategies. When students were asked to describe 
how the learning modules might have influenced them in developing problem-solving strategies, 
multiple capabilities and one constraint were identified. Capability-type domains included 
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student thinking, asking students why, independent problem-solving, and student explanations; 
the constraint was predictability. This section will describe how these domains were supported 
by the data. 
Student thinking once again emerged as a positive impact when students were asked 
about using strategies. This domain was often described as a result of another domain: the 
learning modules’ asking students why certain procedures work or do not work. Upon being 
asked about problem-solving strategies, one student immediately said, “We have to…actually 
analyze it … think about why.” Another student said that she had to think about “why he or she 
did what they did, and if it works or not,” and said that this contributed most to her flexible use 
of problem-solving strategies. 
Also, when asked about influence on use of strategies, many students reported that the 
learning modules assisted them with problem-solving by showing how to begin solving a 
problem. For example, the data excerpt below describes this impact: 
Sometimes in math, the hardest thing is just … starting. You see a problem, and you just, 
kind of, - your mind's racing, and you're like, Oh, my gosh, I don't know what to do. How 
do I like figure this out and solve this? Seeing the avatar student’s work … it reminds me 
that, you know, first take a breath, and then start doing stuff you know how to do, and 
that's what leads you to find solutions. … They're just a good reminder to take it step by 
step, and then they show you how to get started or, like, an idea of how to get started, at 
least, and I think that's a really good thing for students to see. 
 
Another student said that the learning modules helped him be able to “know what kind of 
problem it is and how to attack it” upon seeing a problem for the first time, which is a part of 
effectively using strategies.  
Students often mentioned how they worked the problems independently and then 
compared their solutions to the work samples provided. While most of these reports were from 
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students who had analyzed incorrect work samples, a few, such as the one shown below, were 
from students who had analyzed correct work. When asked about using strategies, this student 
described this independent problem-solving as a positive impact: 
It would help because you really don’t know whether or not the steps they took were 
correct …. You really have to solve the problem for yourself and make sure that it’s 
really the correct answer and compare it with theirs and what steps they took and try to 
figure out what they got wrong.  
 
Explaining connections between steps emerged as a way to help students’ use of 
strategies. One student, who had taken calculus in high school, reported that the learning 
modules caused him to change his problem-solving strategies by causing him to show more work 
on paper, rather than doing steps mentally or skipping steps altogether. Although for many of the 
aspects of learning, this student did not report noticeable gains due to an unusually strong 
background in calculus, this student reported the following about impact on use of strategies: 
That might have been where they were a little bit helpful because they lay out a strategy 
that was used and that was wrong. So, it allows you to look at your current strategy, and I 
myself am bad about cutting steps out and going, I don’t need this step, throw it out, and 
if I noticed in the learning modules, they did skip a step and it got them to the wrong 
answer, … that made me realize, maybe I shouldn’t skip as many steps, and that helped 
me to realize, Write everything down. That was definitely a strategy that I got from it. 
That definitely helped.  
 
In addition, some students explained, as in the comment below, that having to provide 
explanations in an open-ended assignment aided them in their use of strategies. 
It asks you to fix the problem or explain why something was wrong. You could explain it 
in maybe two or three different ways. You can solve a problem in many different ways, 
so you had options, so you had to think about each of those options, for you to get an 
answer, it wasn’t just, again, right or wrong. So, that did help. 
 
Some students who had analyzed correct work samples reported that the learning 
modules were too predictable and thus failed to challenge their use of strategies. After noticing 
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the work samples seemed to be correct every time, these students expected correctness and did 
not think critically about the work.  
Because mine were always right, I didn’t have to really think about it as much as 
someone whose were wrong. So, I could look at it, but at the same time, I didn’t really 
have to think a lot about it just because I knew it was right. Honestly, if I had … a lot of 
other things to do, I wasn’t going to … sit and think hard about … why theirs was right. 
A lot of times I would just put down, They did this. So, it’s right, even if I didn’t know it 
was right for sure. Just being honest.  
 
This constraint of predictability was not described by the students who had analyzed incorrect 
work samples. 
Work analyses’ influence on communicating about math. In a mathematics classroom, 
students are often asked to communicate or explain their ideas or understanding to others. The 
interviewees were asked to describe how the learning modules might have related to their 
abilities to talk about mathematics to others. At this point, student thinking, student explanation, 
and confidence in math, were mentioned by students. Each of these domains will be supported in 
this section by details and data excerpts. 
When asked about how the learning modules might have influenced the students’ abilities 
to talk about math to others, several mentioned that the learning modules helped because they 
made them think, aligning with the domain of student thinking. For example, this student 
distinguishes this from mechanically going through the motions of rules and procedures: 
Sometimes … you just get so caught up with just doing the formula and just … trying to 
do the problem, and they actually made you think, OK, what is the limit? Can I do it this 
way? Like, I know the product rule, and I know how it applies to this or it doesn't. So, it 
at least made me think, and so, I’d like to think I could communicate it better now just 
because of them, just because I had to … write it out and especially tell step-by-step what 
you did, why you did it. 
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She admitted that her justification of thinking and explanation of work had improved simply 
because she had to think and to write answers to the learning modules’ questions. 
Many students acknowledged that having to provide explanations in the learning modules 
improved their abilities to communicate about mathematics. One student described, as follows, 
how providing such explanations was different from traditional classroom experiences. 
You can’t just write down an equation and expect people to understand what it means. 
Being able to think about it, type out what you mean in a clear sentence without using a 
bunch of numbers and letters. That helps. I mean, there were times when I would sit 
down and be like OK, how do I explain this?, but once I did a couple of learning 
modules, it became easier and easier to interpret through words what I was trying to say. 
 
This student described how her communication abilities improved by simply completing the task 
of the learning modules. One student described how she used the learning modules to talk to her 
peers about calculus: 
I definitely think they did help me talk to others about math because I studied with a girl 
that was in our class, and if she didn’t understand something, I would always pull up the 
learning module to help her like figure it out because I have a hard time describing it, 
because I don’t really know anything about math.  Like, I was just trying to get through, 
but if we were studying and we didn’t understand something, we would always pull up … 
the learning modules where you can just go through it again and it will say like, OK this 
is how you do it step by step, and then you can just kind of plug in the numbers when 
you’re studying.  So, I think it did help me articulate a lot. 
 
Most of the students had measured their own communication abilities by how easy it was for 
them to explain math to the avatars, but this student provided an example of talking to real peers, 
and this adds authenticity to this domain of student explanation. 
Also, the learning modules provided a safe environment to discuss mathematics without 
risking embarrassment in front of peers, thus promoting communication abilities. One student 
responded as follows: 
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It really helps because everyone has a lot of trouble in class. You sit there and you have a 
question, but you have like a hundred people around you, and you don’t want to ask it, 
but I think everyone thinks most of the same things, and we all make the same mistakes. 
So, being able to, I guess, close it down and just you being able to talk to the computer so 
that other people can… get your idea across and think it out in your head. Saying it out 
loud helps so much more than just in your head. Once you say it out loud, you can digest 
it in your head. 
 
This aspect of creating a safe learning environment, albeit an online environment, is important to 
communication because it allows students to explain math. This example supports confidence in 
math as a capability-type domain of this frame because with these activities, the barriers of self-
doubt do not inhibit student interaction and student explanations. 
Work analyses’ influence on attitudes. Considering students’ attitudes often influence 
learning, interviewees were asked to describe how the learning modules related to their attitudes 
about math or feelings about their abilities to do math. As shown in Figure 5, confidence in math 
emerged as a capability, futility emerged as a constraint, and predictability emerged as both a 
constraint and a capability. Each of these domains will be elaborated upon in the paragraphs that 
follow.  
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Supporting the domain of confidence in math, learning modules showing incorrect work 
seemed to ease math anxiety by illustrating that others make mistakes and that mistakes can be 
fixed. For example, one said that if he did not understand the math, he would not have had a 
good attitude about the activity. On the other hand, he goes on to say that the incorrect work 
samples showed him,  
Yes, you can do it wrong, but you can learn how to not make those mistakes again…. 
You think you’re the only person that can’t do it, and then you see that… the fake 
characters… got it wrong… and how they fixed it.  
 
These comments shed light on how analyzing incorrect work can impact the attitudes of a 
student who is nervous about making mistakes in math. Although the avatars were fictional 
characters, the learning modules still promoted a familiarity with imperfections and the idea that 
errors are fixable. This student felt more comfortable about his own abilities. He went on to say, 
“If you think about someone else getting it wrong…, that can stick with you greater than you 
Predictability 
(of Correct Work Samples) 
Feelings of Futility 
Confidence in Math 
Negative Attitudes 
Positive Attitudes 
Figure 4. Domains that Influence Attitudes 
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getting it wrong and it making you feel bad.” Thus, the incorrect work provided this student with 
a means to learn from mistakes without the negative feelings that come with making those 
mistakes himself. Another student indicated that her confidence depended on how well she 
understood the material, when she said, “I felt pretty confident because of what you had taught 
us.  Then I said, I'll kind of relay it back to the learning module. So, it was positive for me.” In 
addition, easiness of the math positively influenced attitudes.  
It was very, very easy…. The concept might have been a little more complicated, but you 
really dumbed it down for me to the point where I was like OK … like the smiley faces 
and the frowny faces…That's really simple. Then, I would take that and just apply it to 
the learning module, and I kind of already knew the basic things.  
 
Although material being made easy for students does not necessarily promote learning or critical 
thinking, it is understandable that the ease of the material would be related to students’ attitudes 
about their math abilities. 
In addition, some students attributed the immediate feedback from the avatars as a factor 
that positively influenced their confidence in math.  
It really was a good learning tool for me because, especially when I’m doing homework, 
or if I’m doing a problem and there’s no feedback immediately to what I’m doing … I 
could be learning it the totally wrong way.  So, the learning modules did help me a lot 
especially toward the end when they would say, Yay, you did a great job but here’s what 
you didn’t do. 
 
The immediate feedback seems to have eliminated possible self-doubt this student may have had 
about her abilities. Similarly, students reported that the learning modules were, in general, 
encouraging and motivating. For example, one student modestly said, “I wouldn't say I'm just 
like a math genius, but I think that it was good because the learning module was positive.” She 
further explained, “I like positive feedback…. I appreciate encouraging words … but it was 
never like, You're wrong. (laugh)” 
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Students reported increased confidence in math due to the learning modules. For 
example: 
It made me feel more confident in my ability just because it gave me an opportunity to 
kind of like do it without feeling, like, OK, this is homework, or OK, this is like a test. I 
have to be like perfect on it, whereas it would describe it to me, and then I’d say, OK, 
like, I can definitely do this now that its told me this is what you have to do, you know. I 
could definitely do the next problem or explain why they’re correct in their steps or their 
reasoning. So, I think it gave me more confidence in math because in the other calculus 
class that I took, I didn’t feel confident at all.  
 
The student seemed to feel less anxiety or pressure when completing the learning modules than 
when completing a test or homework assignment. This difference in attitude may have been 
influenced by the open-endedness of the tasks. Another student described this ease of anxiety by 
saying, “It made me feel better about my math abilities. … It reminded me, You can do math, 
Susan, you know. You don't have to freak out…. It made me feel better as a math student.” 
There was one domain that emerged as both a capability and a constraint to attitudes. 
Among those students who had analyzed correct work, the students grew to expect that the work 
samples would be correct, rather than incorrect. For some, this predictability was helpful for 
positive attitudes because they felt comforted by the predictability of the assignment. For 
example, one student admits, “I did feel a sense of … safety whenever I went to learning 
modules.  I was just, like, OK, I know this is pretty much going to be right, and I can kind of go 
off of it with like my homework.” However, this same domain has also emerged as a constraint in 
other participants’ perspectives.  
Among those who had analyzed correct work samples, predictability was considered by 
some to be exasperating, thus placing a constraint on attitudes. These sentiments were expressed 
in the remarks, “Ugh, I’m going to have to … go through and explain why this is right, and I 
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already know it is. I just do the same thing every time…. Ugh, I already know the answer to 
this.” This student was required to complete the exercise but was not required to think critically 
about the correctness of the work, and this negatively influenced her attitudes about the task. In 
summary, too much predictability can positively or negatively influence attitudes but can hinder 
critical thought and learning. 
Another constraint to attitudes was the feeling of futility. For example, some reported that 
they thought of the tasks as extra work. One student said, “My attitude toward them was 
probably not the best just because when we would already have … online homework, and these 
would just be like extra problems.” Further demonstrating feelings of futility as a constraint, one 
student, who had an unusually advanced calculus background and who had taken this Basic 
Calculus class due to an advising error, expressed feelings of futility when analyzing work 
samples. He made the following remarks: 
I felt like I was explaining it to a computer … that wasn’t able to understand what I’m 
saying, and having tutored some of my friends in Math 119, I felt like I could articulate 
the ideas to a person better than I could to a computer through … relatable experiences. 
So I didn’t really see the usefulness of that for me.  
 
When asked specifically about how the analyses related to his attitudes about math and his 
abilities to do math, he replied as follows: 
This would probably be where having a background in higher level maths and realizing 
that this class doesn’t count affects my answer. (laughs) The learning modules made me 
feel like I definitely understood what I was doing. There were one or two, I just didn’t do 
because I felt like I was wasting my time on them. And they definitely affected my 
attitude toward, I know what I’m doing. Why am I here? Why am I going through this?  
 
Another student mentioned having feelings of futility by saying, “They weren’t my favorite, so 
my attitude about them probably wasn’t good since I didn’t feel like they always, like, helped me 
see something that I hadn’t already seen.”  
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However, one student explained in the excerpt below that her attitudes when she was 
doing the work sample analyses had been different from her attitudes about them in hindsight: 
The more I sit here and I think about it and talk about it, the more … I'm in favor of them. 
I even said on the first question, I wasn't a fan, but the more I talk through these 
responses, it makes me realize just what all they did make me do as a student.  I think that 
was a good thing…. At the time, I was just a student in the math class and just probably 
didn't want to deal with it, but … now, I really appreciate that they made me think why 
I’m doing things a certain way… especially as someone who had taken calculus before. 
… There was probably a mindset where I just wanted to walk in and do the problems the 
way that I knew how to do them, do a formula, solve the problems, and get out of there, 
but it absolutely made me stop and think, and that’s a better thing to do as a student. So, I 
think having to write up responses and look at different students’ work definitely helped 
me. So, I appreciated them, even though I had my moments. 
 
Themes. From these analyses and further analyses of semantic relationships between the 
domains themselves, some overarching themes were identified. One such theme was students’ 
independence in learning. Many of the domains involved students’ taking the initiative in 
learning, such as students’ thinking on their own, working problems on their own, seeking out 
information on their own, and using their own words to explain mathematics. Multiple data 
excerpts portrayed this cause-effect relationship: because students were asked to explain why 
solutions were incorrect or why they were solving problems certain ways, they had to think 
about, work on, research, and explain math all by themselves. Each of these domains supports 
students’ independent learning. This is illustrated in Figure 5, below. 
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Another theme is student engagement, or students’ taking action in learning, 
substantiated by some of the data that described active rather than passive learning. For example, 
students felt as if they had interacted with something, as opposed to hearing a lecture. Also, 
students’ explaining mathematics, as a domain, is closely associated with student engagement. 
The students were not just “fed” the material, but took a more active role in learning. Open-
endedness was also a theme that crossed over several domains. The open-ended nature of the 
analyses, both of correct and incorrect work, influenced various aspects of learning, such as 
improving attitudes and flexible use of strategies. Students’ thinking, which was a domain, was 
also the most prominent theme in the data, evidenced by many students’ claims that the learning 
modules “made them think.” These students also often made reference to how they investigated 
“the why behind the math.”  
Figure 5. Asking Students Why Influences Students’ Independent Learning.  
Asking Why? 
Students’ Thinking 
Students’ Seeking Help 
Students’ Problem-Solving 
Students’ Explaining 
Students’ 
Independent 
Learning 
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Discussion of interview analysis results. One can observe from Table 44 that there were 
more capabilities than constraints present in the interview data. Although the interview protocol 
was piloted and was designed to avoid bias, it is human nature to want to provide acceptable 
responses. Therefore, the interviewees may have been more likely to discuss positive than 
negative impacts on learning, especially because of the interviewer’s role as teacher. However, 
one interview was possibly biased in a different way. The interviewee admitted that his 
comments were cynical because he had been ill-advised to take this class rather than a more 
advanced class. While this unique perspective sheds light on how some advanced students might 
view the work sample analyses, his feelings of futility may have reflected the ill-fitting math 
class, rather than the learning modules in particular. It was worth noting that analyzing incorrect 
work samples influenced him to change his habits, nonetheless, as he realized the merit in 
writing down his reasoning whenever solving problems, which is similar to findings in Kasman’s 
study (2006).  
Providing further insight into students’ perceptions, a student admitted that she was not a 
fan of the learning modules during her semester as a student but that she realized, at the time of 
the interview, how they had helped her learn by making her accountable for making sense of 
calculus. This reveals that students’ attitudes may change with time, and this finding may also 
inform the interpretation of the earlier results about students’ perceptions of impact on learning. 
For example, during the course, this student may have given low survey ratings of the learning 
modules, while only later realizing how much the learning modules actually helped her 
understanding. 
133 
 
 While independence was a theme with both correct and incorrect work analyses, 
independent problem-solving was more associated with incorrect work samples. Despite the 
small number of interviewees, this difference could reasonably indicate that students who 
analyzed incorrect samples worked the problem out independently more often than those who 
analyzed correct work samples. Further supporting this possibility, one analyst of incorrect work 
described the analyses as active learning rather than passive learning, while an analyst of correct 
work described them as activities that simply aligned with and supplemented lecture. This could 
indicate that analysis of incorrect work focuses more on student engagement and student thought, 
whereas the correct work samples could be accepted as merely supplementary to teacher’s 
instruction.  
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Chapter V 
Conclusions and Implications 
Summary of Study 
 Teachers can often predict errors students will make, but they must then decide what to 
do about these common errors. Some have students analyze others’ work, including incorrect 
work, in hopes of challenging student thinking and pointing out common errors (Kramarski & 
Zoldan, 2008). However, others believe that showing erroneous examples may do more harm 
than good because students may repeat the errors. Thus, while teachers of math courses are able 
to predict the mathematical misconceptions that commonly occur in their classes, they face the 
dilemma of whether to have students critique correct or erroneous solutions. This study seeks to 
resolve this dilemma by determining if gains in learning differ if calculus learners analyze 
correct or incorrect work samples and also seeks to investigate students’ perceptions of the effect 
of analyzing work samples on their learning of mathematics.  
To investigate the impact work sample analysis has on learning, data was collected from 
181 enrollees in 10 sections of Basic Calculus at a large university. One randomly assigned 
group of calculus students analyzed correct work while the other analyzed incorrect work. 
Accompanied by avatars of fictional calculus students, prompted by IMPROVE-type thought-
provoking questions such as “Why is this incorrect?” or “Is there another way to solve this?”, 
and followed by feedback to students concerning appropriate responses to these questions, these 
analyses were completed by students online, outside of class. Immediately after analyzing a work 
sample (either correct or incorrect), each student completed a survey which asked how helpful 
the analysis had been to their understanding of mathematical concepts or ideas, using rules and 
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procedures, using problem-solving strategies, communicating about math, and attitudes about 
math and about their own abilities to do math.  
Data sources for the analyses in this study included the following: (a) pre-test scores, (b) 
pre-test error rates, (c) final exam scores, (d) scores on problems similar to those in the work 
samples, (e) error rates on exams, particularly errors similar to those in work samples, and (f) 
students’ ratings of impact on learning. An analysis of covariance (ANCOVA) and an 
independent-samples t-test were conducted to determine possible group differences in final exam 
scores, in problem-solving ability, in making common errors, and in perceptions of impact on 
understanding and attitudes, while inductive analysis (Hatch, 2002) was used to analyze data 
collected in interviews conducted after the semester was over.  
Results of this study suggest analyzing incorrect work is as influential to overall 
achievement as analyzing correct work, as was revealed by final exam score analysis 
(ANCOVA). Furthermore, this result was strengthened by stratified random sampling of groups 
(one group analyzing correct work and the other analyzing incorrect work) and by statistical 
accountability for prior knowledge (pre-test scores), and therefore, this result is generalizable to 
college-level calculus learners. Because students learn from various sources apart from student 
work sample analysis, this finding may be somewhat unsurprising. Therefore, rather than only 
analyzing overall achievement, this study also investigated if there were differences when 
students solve only those problems similar to the ones analyzed in work samples. Results suggest 
that when students solve those problems, the correctness of the work samples analyzed does not 
seem to influence the accuracy of students’ solutions. Random sampling and statistical 
accountability for prior knowledge also promotes the generalizability of this result. 
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However, results of this study also suggest that analyzing incorrect work discourages 
students from replicating common errors, as long as the work samples are within students’ zone 
of proximal development. This result was determined by an analysis of covariance of error rates 
on exams, after accounting for error rates on pre-tests. The students who had seen the errors 
when analyzing incorrect work samples were less likely to make those same errors on exams, as 
long as the work samples analyzed were not too difficult for the students. When more difficult 
work samples were also considered in the statistical analysis, no significant difference between 
groups’ error rates was detected. 
Furthermore, results of data analysis (independent-samples t-test) suggest that correct 
work samples are perceived by students to be more beneficial to learning. Each student had 
scored the helpfulness of each work sample analysis to their understanding of mathematical 
concepts or ideas, using rules and procedures, using problem-solving strategies, communicating 
about math, and attitudes about math and about their own abilities to do math. While both groups 
reported a positive impact on their learning, there were significant differences revealed. Overall, 
correct work sample analyses were rated as more helpful than incorrect. This same group 
difference was also seen in ratings for helpfulness to understanding concepts, to using rules and 
procedures, to using strategies, and to communicating about math. While these results suggest 
differences in students’ perceptions, the results of the interviews provide more information about 
why these differences may have occurred and how work sample analyses, of both correct and 
incorrect work, might impact learning. 
 To investigate how the work sample analyses impacted the students’ learning, nine 
participants were interviewed the following semester. The participants were asked how the 
137 
 
learning modules might have influenced their learning. Inductive analysis (Hatch, 2002) of the 
interview data revealed that if students are made to question the reasoning behind mathematics, 
then they will think about, work on, talk about, and seek information about mathematics on their 
own. These domains then support students’ independent learning. Interviews also revealed that if 
students always analyze correct work samples, then students often begin to take it for granted 
that the work samples will always be correct, and this predictability can help attitudes by making 
the activity feel less risky or can hurt attitudes by presenting less challenge. In addition, work 
sample analysis helps students to feel as though they are playing a more active role in learning, 
and they appreciated the open-endedness of the assignments. Many students reported in 
interviews that the work sample analyses made them feel more confident in mathematics, either 
by enabling them to communicate better or by showing them that mistakes can be fixed. Also, 
there was some evidence that students’ opinions of the activities could be different in hindsight, 
after realizing an appreciation for the impact on independence in learning. This was made 
evident by a student who described how her poor attitudes at the time of work sample analysis 
contrasted with her more recent realization of what she had gained.  
Contributions of Study to Literature 
The findings of this study contribute to Knowles’ (1975) theory of self-directed learning, 
which asserts that thinking and reflecting are valid ways to learn. This study reveals more about 
the path from questioning, to thinking, and then to learning. Particularly, if students are made to 
question the reasoning behind mathematics, then they will think about, work on, talk about, and 
seek information about mathematics, and, in turn, will learn independently. Because these 
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students were taking some initiative in learning, they should be more motivated and more likely 
to retain and use what they have learned, according to Knowles (1975). 
From prior literature, it was known that IMPROVE-type (Mevarech & Kramarski, 1997) 
questions, such as, “What did I do wrong?” “Is there another way to solve this?” and “How does 
this relate to the underlying mathematical concepts?” encourage students to think, reflect, and 
work independently. However, in those prior studies, a self-questioning perspective was used, 
meaning students were expected to ask these questions of themselves while analyzing their own 
work. This study contributes to this literature by suggesting that this questioning framework can 
also be used to analyze work samples of others, both correct and incorrect. Although Kramarski 
and Zoldan’s study (2008) had suggested that a combination of work sample analysis and 
IMPROVE-type questioning was influential in learning, this study resolves any suspicions about 
what type of work samples (correct vs. incorrect) are beneficial, and this study also provides a 
stronger research design that eliminated the possibility for teacher-variation bias. 
The findings of this study contribute to the concerns cited by Borasi (1994) and 
Kramarski and Zoldan (2008) that if students saw incorrect work, they may replicate the errors 
they have seen. However, on the contrary, the results of this study revealed that such concerns 
are unwarranted, as long as good questions cause students to thoroughly think and reflect on the 
work samples; seeing common errors in work samples of moderate difficulty-level discourages 
students from making those errors, as revealed in this study. Moreover, in interviews, some of 
the benefits of examining errors cited by Borasi (1994) were confirmed, such as open-ended 
explorations, justification of work, initiative and ownership in learning, communication of ideas, 
and confidence in math. 
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Prior studies revealed that students who first express their ideas in small group settings 
have more confidence to communicate their ideas (Reid, Forrestal, & Cook, 1987). The 
qualitative analysis in this study contributes to this literature by revealing that virtual 
conversations with fictional characters also can boost students’ confidence to talk about math 
with others. In addition, while it was known from prior studies that examining student work 
samples is effective for preservice teachers’ pedagogical content knowledge (Chamberlin, 2005; 
Son & Moseley, 2012) and that incorrect work samples elicit more in-depth mathematical 
justifications than correct work samples (Son & Moseley, 2012), this study reveals that work 
samples (correct and incorrect) also benefit math learning for the general population of students, 
not just for preservice teachers. While correct and incorrect samples are approximately equal in 
effectiveness, incorrect work samples help math students avoid making errors, as revealed in this 
study. Schoenfeld (1988) and other leaders (NCTM 2000, NRC 2001) have suggested that math 
instruction focus on students’ mathematical thinking, and this study contributes to this by 
revealing that having students critique the mathematics of others will cause students to think 
about mathematics in a way that supports learning. 
Implications for Teachers, Teacher Educators, and Curriculum Developers 
Teachers should not avoid using both correct and incorrect work samples when teaching 
and developing tasks because, as evidenced in this study, having students analyze incorrect work 
and having students analyze correct work are equally effective in promoting problem-solving 
skills and achievement. Furthermore, as evidenced in this study, seeing common errors in work 
samples of moderate difficulty-level discourages students from making those errors. Also, using 
both correct and incorrect work samples, rather than only correct work samples, may prevent the 
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type of predictability that reportedly deterred student thinking, according to the interview 
analysis. Teacher educators should make preservice and in-service teachers aware of these 
results in order to counter the fears of many teachers who believe students will replicate errors. 
Math teachers rely on showing and telling students what they should do and are hesitant to 
address what students should not do. The results of this study should show teachers that using 
common errors in the classroom does not need to be avoided and that curriculum should include 
these kinds of student work samples, both correct and incorrect, to be analyzed by students. 
Some insights into students’ perceptions were also gained, and these findings will be 
helpful for teachers and administrators because teachers and administrators are often faced with 
the dilemma of how to interpret student-generated feedback, such as comments given in course 
evaluations and surveys. In this study, the correct work samples were perceived by students to 
have a more positive impact on learning, despite the fact that incorrect work samples proved 
more effective in the avoidance of common errors. Therefore, this study shows that what 
students deem as more beneficial does not always align with actual benefit. Teachers and 
administrators can expect that at times, one teaching method may seem to students to be more 
effective than a second teaching method; however, in reality, the second teaching method may be 
more helpful to students’ learning. In an ideal situation, learners are aware of their own learning 
and are able to recognize good teaching, but this study shows that effective teaching methods are 
not always recognized by students. In addition, teachers and administrators should keep in mind 
that a student’s opinions of class activities sometimes change after the student is no longer in that 
class. In this study, what students deem beneficial at the time of completion does not necessarily 
align with what they recognize as beneficial in hindsight, as evidenced in the interview data. By 
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looking back on their learning experience, students are able to recognize their own learning more 
clearly.  
Most importantly, the work sample analyses “made students think” by investigating “the 
why behind the math,” as reported in the interviews. To trigger student reasoning and sense-
making in this way is a widespread goal among math teachers and teacher educators. Because the 
reasoning underlying mathematical procedures is often overlooked in mathematics classrooms, 
students are, in general, not accustomed to asking why in math class. Therefore, this result is 
important to math education because these learning modules prompted students to question the 
foundation of what they learn and to think critically. 
One student said that having to provide explanations in an open-ended assignment aided 
them in their use of strategies. This student may have realized that an important part of using 
strategies is flexibility and having a variety of strategies to choose from. Therefore, open-ended 
tasks may support students’ growth in strategic flexibility. Therefore, this type of open-ended 
activity should be supported by curriculum developers and should be implemented in math 
classrooms by teachers. Another student, an analyst of incorrect work, pointed out that strategic 
flexibility was improved by making connections between the steps in the work samples. 
Typically, students think of complex solutions as a series of steps; therefore, it was unusual for a 
student to be aware of connections between steps. It is possible that the incorrect work sample 
analysis helped to make students aware of this complexity about problem-solving. This further 
supports the use of both correct and incorrect work samples, by teachers and curriculum 
developers, to promote a deeper understanding of rules, procedures, concepts, and strategies. 
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Students’ independence in learning was determined to be an emerging theme. This is an 
important finding, implying that work sample analyses, which ask students why they are doing 
what they are doing, could effectively promote students’ independent learning. Students were 
made to take some initiative in learning, rather than “just being fed material.” This student-
created analogy of being fed created an image of infants or pets that do not feed themselves and 
implied that traditional lectures do not require students to do as much work independently of the 
teacher. Therefore, if teachers, teacher educators, and curriculum-developers desire to promote 
students’ independent learning and desire students to take a more active role in learning, then 
they should require work sample analysis and should ask students why mathematical procedures 
are or are not appropriate and why mathematical strategies do or do not make sense. When 
promoting students to be independent learners, some resistance from students should be 
expected, but hopefully students eventually will become proud of their independence. 
Implications for Further Research 
 In this study, the common errors that were used in incorrect work sample analyses were 
simply errors that were identified as most common among college calculus students. However, 
consideration was not given to what type of errors these were. For example, were these errors 
procedural errors, conceptual errors, or strategic errors? Because prior studies have identified 
error patterns (Ashlock, 1994) and types of errors (Tirosh, 2000), future research could 
investigate whether these results will differ depending on error type. 
 When students were analyzing incorrect work samples in this study, they were informed 
that the work shown was incorrect. How would the outcomes of this study have been different if 
the students had not been informed of this? Firstly, would the students have been able to 
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determine they were incorrect? Secondly, would this have provided the same positive impact on 
students’ tendencies to replicate the errors? Future studies could answer these questions. 
 The nature of the students’ written analyses of correct and incorrect student work samples 
should be analyzed in future studies. This will provide further information about how the 
IMPROVE framework (Mevarech & Kramarski, 1997) impacts student thinking and learning. 
Because each of the questions corresponded to each component of the framework 
(comprehension, connection, strategy, and reflection), analyzing student responses to these 
questions should reveal more detail about why and how this framework interacts with student 
thought. In addition, because this study only considered two groups, one analyzing correct work 
and one analyzing incorrect work, future studies could include a third group, one analyzing both 
correct and incorrect work in random alternation. Because the predictability of always analyzing 
correct work was reported in interviews as a constraint to learning, such a future study could 
investigate whether this dilemma of predictability can be resolved. Future studies could also 
differentiate groups by demographic factors, such as gender, age, race, or major, revealing any 
possible differences in impact student work analysis may have on learning. 
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Appendix A 
The University of Tennessee Office of Research 
Research Compliance Services 
 
INFORMED CONSENT STATEMENT 
The Effectiveness of Analyzing Correct versus Incorrect 
Student Work Samples and Its Impact on Mathematical Proficiency 
 
INTRODUCTION 
You are invited to participate in a research study that is designed to determine whether 
differences exist in the effectiveness of using correct student work samples and incorrect student 
work samples on students’ mathematical proficiency and in students’ perceptions of their effect 
on mathematical proficiency. 
 
INFORMATION ABOUT PARTICIPANTS' INVOLVEMENT IN THE STUDY 
Part 1. Researchers Lauren Jeneva Moseley and Dr. Jo Ann Cady are requesting permission to 
gather information from the class assignments you have already completed for the course, such 
as exams, in-class assignments, and responses given in the Blackboard learning modules, for the 
purposes of comparative analysis. Participation in Part 1 of the research does not require any 
additional time on your part.  
 
Part 2. We would also like to interview some of you to find out what your thoughts are about 
using the Learning Modules. If you indicate that you would be willing to be interviewed, then 
you may possibly be invited to participate in follow-up interviews after the Spring 2012 semester 
has concluded. These voluntary interviews would take approximately 30 minutes and would be 
audiotaped.  
 
RISKS 
All audio-recordings will be deleted or destroyed after they are transcribed. Everything possible 
will be done to ensure confidentiality of the participants. Pseudonyms will be used in any 
presentation or publication of results. Risk to the participants is minimal. 
 
BENEFITS 
The benefit of this study is to inform our teaching practice so that students’ understanding of 
mathematics is increased. This is an indirect benefit to you.  
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CONFIDENTIALITY  
Every effort will be made to keep the information collected through the study confidential. Data 
will be stored securely in the office of Lauren Jeneva Moseley and Dr. Jo Ann Cady. Your name 
will not be used in any reports. No reference will be made in oral or written reports that could 
identify the results or comments of individual participants. Pseudonyms will be used in any 
presentation or publication of results. 
________ Participant's initials 
 
CONTACT INFORMATION  
If you have questions at any time about the study or the procedures, (or you experience adverse 
effects as a result of participating in this study) you may contact Lauren Jeneva Moseley, 230 
Ayres Hall, University of Tennessee, 1403 Circle Drive, Knoxville, TN 37996 -3442, (865) 974-
3708, or Dr. Jo Ann Cady, A407 Claxton Complex, University of Tennessee, Knoxville, TN 
37996 -3442, (865) 974-4235. If you have questions about your rights as a participant, contact 
Research Compliance Services of the Office of Research at (865) 974-3466. 
 
PARTICIPATION  
Your participation in this study is voluntary; you may decline to participate without penalty.  If 
you decide to participate, you may withdraw from the study at anytime without penalty and 
without loss of benefits to which you are otherwise entitled. If you withdraw from the study 
before the study is complete, your data will be destroyed. 
 
 
CONSENT  
Part 1: I have read the above information. I have received a copy of this form. I agree to 
participate in Part 1 of this study, which will allow these researchers to access my class 
assignments and exams during my Spring 2012 Basic Calculus class. 
 
Participants name (please print) _____________________________________ 
 
Participant's signature ______________________________ Date __________ 
 
Part 2: I have read the above information. I have received a copy of this form. I agree to 
participate in Part 2 of this study, which will allow these researchers to invite me to be 
interviewed after the Spring 2012 semester concludes. 
 
Participants name (please print) _____________________________________ 
 
Participant's signature ______________________________ Date __________ 
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Investigator's signature _____________________________ Date __________ 
(Lauren Jeneva Moseley) 
 
Investigator's signature _____________________________ Date __________ 
(Jo Ann Cady) 
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Appendix B 
QUIZ    NAME:         
Math 125 students come from various mathematical backgrounds. The purpose of this quiz is to 
see what you might already know about algebra. Give each problem a try.  
1. Rewrite the expression 
       
  
 as an expression with two terms. 
2. If            , find       . 
3. Solve       . 
4. Circle the function(s) that are quotient(s). 
     
       
    
                  √      
                  
    
  
          | | 
5. On the graph of this function              , a point exists at x = 1. State this 
ordered pair (____,_____). 
6. Multiply √ (    √ ). 
7. Rewrite 
     
  
 so that it is a sum of terms. 
8. If     and  
 
 
 , then what is m? 
9. If            and       , then what is C? 
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Appendix C 
 
Figure 4. Learning Module 1, Correct Work Sample 
 
Figure 5. Learning Module 1, Incorrect Work Sample 
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Figure 6. Learning Module 2, Correct Work Sample 
 
Figure 7. Learning Module 2, Incorrect Work Sample 
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Figure 8. Learning Module 3, Correct Work Sample 
 
Figure 9. Learning Module 3, Incorrect Work Sample 
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Figure 10. Learning Module 4, Correct Work Sample 
 
Figure 11. Learning Module 4, Incorrect Work Sample 
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Figure 12. Learning Module 5, Correct Work Sample 
 
Figure 13. Learning Module 5, Incorrect Work Sample 
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Figure 14. Learning Module 6, Correct Work Sample 
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Figure 15. Learning Module 6, Incorrect Work Sample 
 
Figure 16. Learning Module 7, Correct Work Sample A 
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Figure 17. Learning Module 7, Correct Work Sample B 
 
Figure 18. Learning Module 7, Incorrect Work Sample A 
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Figure 19. Learning Module 7, Incorrect Work Sample B 
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Figure 20. Learning Module 8, Correct Work Sample A 
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Figure 21. Learning Module 8, Correct Work Sample B 
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Figure 22. Learning Module 8, Incorrect Work Sample A 
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Figure 23. Learning Module 8, Incorrect Work Sample B 
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Appendix D 
Rubrics for Problems that Appeared on Exam 1 and on the Final Exam 
Find each limit: 
    
   
 
         
  
  
5 points total 
Did the student try to substitute x with 2? 3 pts 
Did the student perform calculations correctly? 2 pts 
If the student used L’Hopital’s Rule, it was awarded only 1 point. L’Hopital’s rule is not valid 
because plugging in 2 does not give an indeterminate form.  
_____________________________________________________________________________ 
 
State the intervals of continuity for each of the following functions: 
     
 
     
  
6 points total 
Did the student seem to know that f(x) is not continuous at 4? 2 pts 
Did the student seem to know that f(x) is not continuous at -4? 2 pts 
Did the student use proper wording or notation? 2 pts 
If the student seemed to know that f(x) is not continuous at 4 and at -4 but also indicated that f(x) 
is not continuous at 0, it warranted a 2 point deduction to the score. 
_____________________________________________________________________________ 
Using the limit definition of the derivative (and showing your work clearly), find the derivative 
of           .  
 
10 points total 
Did the student know the limit definition formula for the derivative? 1 pt 
Did the student demonstrate understanding of what f(x+h) means? 1 pt 
Did the student find the correct f(x+h) by using the distributive property correctly? 2 pts 
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Did the student put f(x) where it was supposed to go? 1 pts 
Did the student distribute the negative and combine like terms in the numerator correctly? 2 pts 
Did the student factor out an h and simplify the expression by dividing the h’s? 2 pts 
Did the student replace h with zero? 1 pt 
Rubrics for Problems that Appeared on Exam 2 and on the Final Exam 
Find the derivative of √  ( √   ) using the product rule, and then simplify. 
Out of 6 pts 
1 pt Did the participant rewrite the problem correctly when converting to exponential form? 
1 pt Did the participant demonstrate accurate knowledge of the product rule? 
2 pts Did the participant correctly find the derivative of each part of the product rule? 
1 pt Did the participant distribute? 
1 pt Did the participant add the exponents when multiplying factors of the same base? 
A 4-point deduction for not using the product rule. 
A deduction of 1 point for each mistake 
 
Find the derivative of      
        
    
 and then simplify. 
Out of 6 pts 
2 pts Did the participant use the quotient rule? 
2 pts Did the participant get each part of the quotient rule correct? 
2 pts Did the participant distribute and combine like terms? 
 
If             , then complete each of the following: 
Find the critical numbers of     . 
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Out of 8 pts 
3 pts Did the participant correctly find the derivative of     ? 
2 pts Did the participant set the derivative of      equal to zero? 
3 pts Did the participant find all three critical numbers? 
Deduct 1 point if the participant states that       has no solution. 
Draw a sign diagram that shows the way the graph of      is shaped. 
Out of 6 pts 
2 pts  Did the participant draw a number line and split it at whatever critical numbers were 
found? 
2 pts  Did the participant choose test points in each interval and substitute those test points for 
the x-value in the derivative of the      function? 
2 pts Did the participant get the correct sign at each interval? 
Deduct 3 points for using      instead of its derivative. 
Deduct 1 point for a miscalculation. 
Find the relative extrema of      (as ordered pairs). 
Out of 8 pts 
3 pts Does the participant’s choice for whether a point is a maximum or a minimum make 
sense with the sign diagram shown? 
3pts Did the participant substitute the obtained x-value into the      function? 
2 pts Did the participant obtain the correct ordered pairs for the relative extrema? 
Deduct 3 pts for substituting the x-value into the derivative of the      function instead of the 
     function.  
Deduct 1 pt for including (0, 0) as an extrema. 
Rubrics for Problems that Appeared on Exam 3 and on the Final Exam 
                     
176 
 
Find the critical values of f(x). 
Draw a sign diagram for the first derivative of f(x). 
Find relative extrema of f(x). Tell whether they are maxima or minima. State as ordered pairs. 
13 points 
1 pt: Did the participant know to take the derivative? 
1 pt: Did the participant find the correct derivative? 
1 pt: Did the participant know to set the derivative equal to zero? 
1 pt: Did the participant solve f’=0 correctly? 
1 pt: Did the participant know to mark the number line at their solutions to f’=0? 
3 pts: Did the participant somehow indicate the correct signs of f’ on each interval, consistent 
with their work? 
2 pt: Did they know at which x-values were minima and which were maxima? 
2 pt: Did they plug x values into f(x)? 
1 pt: Did they state extrema as correct ordered pairs? 
Rubrics for Problems that Appeared on Exam 4 and on the Final Exam 
Find the indefinite integral ∫
     
  
  . 
2 pts  Did the participant rewrite the expression as a sum of two terms? 
2 pts  Did the participant integrate each term correctly? 
1 pt Did the participant use “+C” to indicate a constant term? 
1 pt Did the participant simplify their answer? 
A certain species of frogs is introduced to an island. Find a function      for the total frog 
population at the island   years after their introduction. The population is said to increase at a 
rate of      frogs per year. In the beginning (at time zero), there were 10 frogs delivered to the 
island. 
1 pt Did the participant demonstrate knowledge that integration would be required? 
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1 pt Did the participant successfully manipulate the constant multiple to prepare for 
integration? 
2 pts Did the participant successfully integrate     ? 
1 pt Did the participant demonstrate the knowledge that the coordinates of the ordered pair (0, 
10) should be plugged into the function? 
2 pts Did the participant find the constant term correctly? 
1 pt Did the participant give the function     , with the constant term in it? 
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Appendix E 
Interview Protocol 
Introduction: The purpose of this interview is to get descriptions of what it is like to respond to 
student work samples of differing types. This information will be presented anonymously and the 
names will be changed in the transcription of this interview. This is an interview with 
____________________________________. The date and time of this interview is 
______________________________________. 
 
Question 1. Do you mind if I record the audio of this interview? I’m going to jot down a few 
notes in addition. 
Question 2. Is there anything you would like to share about the course? Was there anything about 
the course that you felt was particularly helpful to your mathematical understanding? 
Question 3. Describe your experiences with the learning modules. (Wait for response.) 
How do you think they influenced your understanding of math? (Wait for response.) 
Possible additional prompting questions: 
 (if they didn’t mention student work samples yet) There were student work samples in the 
learning modules. How did they influence your learning? 
 (if they haven’t mentioned their feelings about looking at correct or incorrect work 
samples) The work samples you saw were always correct/incorrect. Describe how that 
influenced your learning. 
 How much time did you spend examining the work samples? (if they haven’t already said 
this) 
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 (if they haven’t mentioned the additional comments portion) In the learning modules, 
after you responded to the student work samples, you saw avatars that said some 
responses of other calculus students, and you were given the opportunity to reply again. 
Describe this experience. 
 The last 2 learning modules of the semester were a little different. Instead of presenting 
only 1 correct/incorrect solution to analyze, there were 2 solutions to the same problem. 
Tell me about this experience.  
++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
I am going to read the text questions that accompanied the student work samples. I’d like you to 
describe your experiences when you had to respond to these different types of accompanying 
questions.  Here are the questions: 
Describe your experience responding to this question: “Briefly describe the steps this student 
took. Do you think this solution is correct?”  
Describe your experience responding to this question: “From your understanding, does this 
method make sense? Explain.” Describe your experience responding to this question: “Do you 
think this method will work every time, or could there be special circumstances that would 
prevent this method from working? Explain.”  
Describe your experience responding to this question: “Can you share another way of finding 
this? Explain.”  
Describe your experience responding to this question: “Compare Allison’s and Sharon’s work. 
Describe how the two methods differ and how they are similar. Is one method ‘better’? Explain.”  
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Describe your experience responding to this question: “Why do you think this solution is 
incorrect?”  
Describe your experience responding to this question: “What would you say to Allison to help 
with the problem?”  
Describe your experience responding to this question: “From your understanding, does this 
student’s answer seem reasonable or unreasonable? Explain.”  
Describe your experience responding to this question: “What specific steps or strategies could 
this student use to avoid this type of error?”  
Describe your experience responding to this question: “Compare Allison’s and Sharon’s work. 
Would you say that one error is ‘worse’ then the other? Explain.”  
+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++ 
In math, we often have rules that need to be followed, such as the product rule and the quotient 
rule. Describe how these learning modules related to following rules of math. 
In addition to rules of calculus, there are also big ideas in calculus that underlie the rules. 
Describe how these learning modules related to your understanding of mathematical ideas. 
When you see a math problem, you have to choose a strategy or a method for solving it. Describe 
how these learning modules might have influenced you in developing problem-solving strategies. 
In a mathematics classroom, we are often asked to communicate or explain our ideas or 
understanding to others. Describe how these learning modules related to your ability to talk 
about mathematics to others. 
181 
 
Your attitudes about math and feelings about your ability to do math often influences your 
learning. Describe how the learning modules related to your attitude about math or feelings about 
your ability to do math?  
Is there anything else you would like to add? 
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